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Abstract

Many high performance FFT applications rely on software libraries for develop-

ment and target a variety of computing architectures based on performance needs.

However the performance scaling of modern computing platforms is now driven by

improvements in energy efficiency, where the shift towards domain-specific hard-

ware and advanced packaging gives rise to an opportunity to rethink the tradi-

tional FFT hardware design approach. The conventional approach of designing

FFT hardware as a standalone IP block is relatively well understood for high

throughput streaming signal processing applications. But this design methodol-

ogy is fundamentally at odds with the requirements of high performance (embed-

ded) computing, where software-like flexibility and programmability are crucial for

application development.

This thesis proposes a new paradigm for designing specialized hardware target-

ing high performance, software-driven DFT-based applications that are executing

on current and emerging computing systems. The design approach is based on the

idea of hardware accelerating only the base cases of the FFTW software library,

known as codelets, and retaining flexibility by allowing software to still specify their

composition. A hardware architecture supporting a collection of different codelets

can then be targeted through standard FFT library calls, making it transparent

v



to the application developer. These design principles are integrated from software

stack down to custom hardware and realized through the development of design

automation tools.

To showcase these design paradigms, we first present a flexible accelerator ar-

chitecture that can be reconfigured in the style of FFTW codelet computations.

Hardware codelet design for small size powers-of-2 and primes is driven by the SPI-

RAL code generation system. The accelerator orchestrates their computation and

particular hardware instances can be automatically generated using a parametrized

design automation framework. We then demonstrate how the generated accelerator

can be integrated into a system-on-chip and coupled to a control processor. New

software and code generation tools enable accelerator offload while the specialized

hardware remains hidden behind domain-specific library calls. Finally we present

silicon prototypes that showcase how the end-to-end design approach is applied

and extended to applications in scientific computing and signal intelligence.
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Chapter 1

Introduction

The Discrete Fourier Transform (DFT), and in particular its O(N logN) imple-

mentation using the fast Fourier Transform (FFT) algorithms, is ubiquitous in

scientific and engineering applications. Many high performance FFT applications

rely on software libraries for development and execute on systems such as super-

computers to embedded devices depending on performance needs and constraints.

Yet the landscape of modern computing platforms is continuously changing—the

driving factor for scaling performance now lies in improving energy efficiency, with

a shift towards domain-specific hardware and advances in 2.5/3D packaging and

integration. These technological shifts in system design give rise to a critical

opportunity to rethink the traditional FFT hardware design approach for high

performance, software-driven FFT applications.

The thesis of this dissertation is that there is a systematic approach for de-

signing specialized FFT hardware for the flexibility required by high performance

FFT software, addressing the need for a new generation of FFT hardware that

fits the paradigm shifts in modern computing systems design. Traditionally, cus-

1



tom FFT hardware is treated as a standalone IP block where the design space is

relatively well understood for high throughput streaming signal processing or com-

munications applications. However this design methodology is fundamentally at

odds with the need for software-like flexibility and programmability in high perfor-

mance (embedded) computing. This insight suggests that a new hardware design

approach should instead start from the perspective of the FFT software which

drives these applications. This enables a powerful new generation of FFT-based

hardware that is versatile enough for a domain of FFT-based applications while

maintaining software programmability and benefiting from the energy efficiency of

custom hardware.

1.1 Motivation

The implementation of the DFT using the fast Fourier Transform (FFT) algo-

rithms plays a fundamental role in a number of modern electronic systems and

computing workloads spanning digital signal processing (DSP) and communica-

tions systems [1–3], medical imaging [4, 5], scientific computing [6–10], and ma-

chine learning [11, 12]. In scientific computing, spectral methods for partial dif-

ferential equation solvers including WarpX [13], NWChemEx [14], P3M [15], rely

on large-scale, multi-dimensional FFTs to perform convolution operations. Signal

processing or communication systems use one-dimensional transforms of hundreds

or thousands of points for spectral analysis [16] or wireless protocol support such

as WiFi or 5G/6G cellular standards [17–19]. Deep learning neural networks have

explored the use of FFT-based methods for fast convolutions [20,21] and as layers

in transformer models and neural operators [12,22,23]. There are thus a plethora of

different software and hardware-based approaches to address the needs of specific

2



applications.

Figure 1.1: Applications of N log N algorithms using the fast Fourier Transform.

While software-based FFT implementations provide a higher degree of flexi-

bility for different problems and computing architectures, dedicated hardware is

often the solution of choice when tailoring to strict power, latency, or throughput

constraints. The traditional approach of designing FFT hardware as a standalone

IP block has been well studied [24], especially in the context of streaming DSP

and communications systems. The design methodology is typically as follows:

hardware designers consider application requirements and tradeoffs between the

various known architectures, select and optimize a design point for the applica-

tion, and finally integrate the fixed function IP block into the broader system. To

ease the design process, there exists a number of FFT hardware generators which

automatically generate hardware instances across a wide design space by provid-

ing a selection of different architectural parameters. There also exists a variety of

vendor IPs that can be used for specific FPGA or ASIC targets. Fundamentally,
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the design philosophy is that the hardware design choices are made strictly with

an application requirement (e.g. throughput, latency, power) in mind.

In the past decade, the performance scaling of modern computing platforms

has been driven by a shift to (i) heterogeneous architectures including CPUs,

GPUs, and domain-specific architectures, and (ii) chiplet-based approaches lever-

aging advanced 2.5/3D packaging and integration. The key technology advances

have been towards improving energy efficiency of systems as a means of contin-

ued performance scaling in the post-Dennard scaling era. So for domains such as

scientific computing, autonomous systems, or radar processing—where the appli-

cation software spends a significant fraction of time in FFT routines to process

large amounts of data—there is an opportunity to realize a new generation of

specialized FFT hardware that provides energy efficiency gains for the next high

performance computing system.

However, the conventional wisdom in designing FFT hardware for signal pro-

cessing systems starts to break down in application domains where requirements

are fundamentally very different. In high performance computing (HPC) and high

performance embedded computing (HPEC), FFT-based applications are driven

by software programs that run on processors or accelerator devices, and instead

interface to stored data through the system’s memory subsystem rather than con-

tinuously streaming data. For example in scientific computing, PDE solvers spend

time in FFT-based spectral methods where software-like flexibility is crucial for

application developers to realize DFTs of different sizes, dimensions, data patterns,

and even algorithms. The existing design paradigm leads to inflexible FFT hard-

ware implementations due to fixed problem types and algorithm support. Once

implemented, designs can only target a set of fixed sized lengths and are often fur-
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ther specialized for narrow application domains such as a specific communication

protocol. Thus the standard FFT IP blocks or generators cannot be used in the

context of such applications.

Another fundamental mismatch stems from the lack of a standard program-

ming interface for users to easily target specialized FFT hardware. For IP blocks

that are eventually integrated with software, the programmer must write against

a custom API that requires application code modification along with some under-

standing of the hardware to take advantage of design-specific features.

Thus there are three key challenges which must be addressed to realize a

new generation of FFT-based accelerators for the modern HPC/embedded sys-

tem. First, a novel architecture which allows for software-like flexibility to support

general FFT problem specifications in the context of broader applications. Sec-

ond, a software stack must be co-designed with the hardware such that it can be

targeted through standard software libraries and remains transparent to the user.

Lastly, design automation tools are necessary to actually build the accelerators

and automatically integrate the software stack.

1.2 Background

The diverse set of FFT-based applications has inevitably led to a large number of

software and hardware implementation approaches that are used and fine tuned

based on specific application requirements. In this section we discuss some of the

prior state-of-the-art software and hardware approaches for implementing FFTs.
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1.2.1 FFT Software Frameworks

There are several software FFT libraries targeting different computing architec-

tures. In the following section we present software frameworks that are used for

realizing efficient FFT code. These frameworks are critical for application devel-

opers who express their computations using domain-specific libraries.

FFTW. FFTW [25] is a general-purpose, adaptive software library for com-

puting the FFT and has become widely used in FFT-based scientific applications.

The system combines a domain specific language, code generator, and autotuning

infrastructure to produce a portable and high performance FFT library. The code

is automatically generated and tuned to the specific CPU architecture, and has

been extended for SIMD vectorization and multi-threading support. FFTW pro-

vides a number of different routines including arbitrary size, forward or inverse,

multi-dimensional, real and complex FFTs. The FFTW API has since become the

de facto standard interface for computing FFTs in HPC.

Vendor Libraries. Vendor software libraries such as Intel MKL [26], Nvidia

cuFFT [27], AMD rocFFT [28], IBM ESSL [29], and Apple vDSP [30] offer FFT

routines optimized for the respective vendor computing devices. These routines use

hand-tuned, specialized algorithms to tailor towards the vendor-specific computing

architecture, thus provide some of the best performance for its targeted hardware

platform. Due to the hand-tuned nature of vendor provided libraries, performance

portability is often limited especially when compared to the highly portable FFTW

library. As FFTW has become the de facto standard FFT interface, almost all of

the above FFT libraries also implement a part of the FFTW interface.

FFTX and SPIRAL. The FFTX [31] project looks to build a more modern

framework for FFT based applications while still maintaining exposure to the
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familiar FFTW interface. The first component is a front end library interface

that maintains backwards compatibility with FFTW but also provides a means to

target higher level operations and new hardware platforms. For example, FFTX

targets higher level FFT-based applications such as 1D pruned convolutions which

require point-wise operations in addition to FFT calls. At the back end, automatic

code generation for the application uses SPIRAL [32]. FFTX will make it easier to

target new hardware platforms, including accelerators, for high performance FFT

applications and exascale computing efforts.

SPIRAL [32] is a code generation system that targets a wide range of numer-

ical and digital signal processing kernels, originally focusing on FFTs. It begins

with a problem specified as a mathematical expression, described in an internal

language called the Signal Processing Language (SPL). The SPL representation is

implemented using one of the algorithmic breakdowns of the expression in the sys-

tem. It then goes through a series of transformation stages which introduces loops

and indexing patterns, compiler optimizations, and a final abstract code represen-

tation. The SPIRAL framework has been extended to numerical kernels beyond

just FFTs, including graph analytics [33], cryptography [34, 35], and stencils [36]

in scientific computing. The system has also been extended for hardware gener-

ation capabilities, including DFT IPs, sorting networks, and other linear signal

transforms [37–39].

1.2.2 FFT Hardware

Dedicated FFT hardware, in particular for streaming DSP and communications

systems, has been studied since the 1970s, leading to new architectures, design

tool advances, and a plethora of optimizations to tailor towards strict power, la-
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tency, or throughput constraints. For a given problem specification, the area and

performance tradeoffs to meet such requirements are generally well understood.

FFT Hardware Architectures. The conventional FFT architectures for

signal processing systems can be broken down into three different categories:

pipelined, memory-based, or fully-unrolled [24].

Serial and Parallel Pipelined: Both serial and parallel pipelined FFT architec-

tures process input data in a continuous flow consisting of logN compute stages,

where each stage corresponds to an FFT computation stage [40]. Serial-pipelined

architectures process data at a fixed throughput of one sample per cycle whereas

the parallel-pipelined can be scaled to throughputs greater than a single element

per cycle. The most common single-path delay feedback (SDF) architecture con-

sists of log2N radix-2 butterflies that feed results back to a buffer such that the

streaming inputs are aligned in the butterfly pattern for that stage. Other se-

Figure 1.2: Serial Delay Feedback FFT Architecture

rial variants rearrange the buffers and commutators to create the serial feedfoward

(SFF) and serial delay commutator (SDC) versions, but are always fixed a through-

put of one sample per cycle. The parallel-pipelined flavors follow similar principles

but instead expose multiple processing paths for multiple samples to be processed
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in parallel per cycle. Generally the pipelined FFT architectures are inflexible due

to fixed length buffers that become wasteful when attempting to generalize across

a wider range of sizes.

Memory-Based: A memory-based architecture, depicted in Fig. 1.3 consists

of a processing element (PE) that reads and writes data to banks of memory to

iteratively compute an FFT. The butterfly PE typically implements a small-sized

radix-r FFT as the base case computation. The butterfly PE reads data from

memory, computes on that data, and then stores the results back to memory, with

the computation continuing iteratively until all stages of the FFT are complete.

Multiple butterflies can be instantiated to scale the performance of the hardware,

but to sustain pipeline saturation requires as many memory banks as butterfly

inputs. There is flexibility in how the butterfly PE is actually implemented, where

Figure 1.3: Memory-based FFT Architectures

higher-radix PEs offer higher throughput at the cost of increased memory band-

width requirements and control logic complexity to maintain parallelism. Butter-

flies of small prime sizes such as 3 or 5 are also commonly used when required as
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a base case in the FFT decomposition. Previous works have investigated a unified

butterfly architecture that supports multiple small prime radices [41–43] for im-

proved hardware reuse. Overall the complexity of the memory-based architectures

comes in designing control logic to avoid bank conflicts for each butterfly, but can

be simpler to generalize once implemented.

Fully Unrolled: Fully unrolled FFT architectures offer the highest throughput

performance by processing a full sequence of inputs every cycle. The architecture

is a direct mapping of the FFT signal flow diagram to arithmetic units, where each

multiply/add required is implemented with its own multiplier/adder in hardware.

It typically finds use in applications requiring the highest possible throughput of

batched smaller sized FFTs [44] or as the PE in a memory-based architecture.

The tradeoff between throughput, area, and energy efficiency can be calibrated

by carefully considering architectural choices along with mathematical optimiza-

tions such as radix choice, mixed-radix algorithms, rotations by roots of unity (e.g.

CORDICs), or bit-width manipulations. There is extensive literature investigating

each of these architectures to optimize for specific constraints, with some examples

presented in the following section.

FFT Hardware IP and Generators. There are a number of academic and

vendor design tools for automatically generating FFT hardware. Many FFT hard-

ware generators [37,45–49] generate designs which support only a single transform

size, although they are highly parametrized for FFT length (mostly powers of 2),

dimension, data type, and even performance constraints. In [43], Wang et. al

build the first generator for runtime-reconfigurable, mixed radix FFT engines to

support 2n3m5k7l FFTs primarily targeting digital signal processing systems. The

core is a reconfigurable butterfly derived from Winograd’s short Fourier Transform
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algorithm [50].

Vendor FFT IP blocks from Xilinx [51], Intel [52], and Mentor Graphics [53]

offer both variable and fixed size FFT IP cores for 1D powers-of-2 transform sizes,

different arithmetic types, forward/inverse, and optimizations for DSP applica-

tions. The generated IP cores primarily target FPGAs, so they provide an interface

to the vendor standard protocol.

Single instances of reconfigurable FFT designs have primarily been investi-

gated in the domain of communication systems which must support different stan-

dards. The overarching approach across these designs and generators is the same—

pipelined or memory-based FFT architectures are adapted/optimized such that

they can target specific constraints or generalize to a fixed set of parameters.

1.2.3 Domain-specific Hardware Design

Designing domain-specific hardware is by nature time-consuming and challenging

due to numerous factors that must considered during design and deployment. Some

of the main challenges lie in application understanding, novel architecture design,

tools to guide high-level architectural decisions or design space exploration, and

software programmability [54]. This section discusses recent state-of-the-art tools

and approaches to promote faster design and verification time, hardware reusabil-

ity, automatic optimizations, and improved software development toolchains. We

focus on some of the recent approaches for automating hardware design and also

take note of specific approaches for the development of FFT hardware.

High-Level Synthesis (HLS). High-level synthesis (HLS) raises the level of

abstraction for hardware design by converting high-level C/C++/SystemC code to

register-transfer level (RTL) designs, enabling faster hardware design time. Writ-
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ing HLS code to achieve performance goals typically requires some code restruc-

turing and understanding of the hardware architecture to guide the tool, but ab-

stracts away low-level implementation details and automates RTL generation. The

designer no longer needs to worry about cycle-level timings or detailed logic design.

There are a few vendor HLS tools including AMD Vitis HLS [55], Intel oneAPI

DPC++/C++ [56] to target FPGAs and Siemens (Mentor Graphics) Catapult

HLS [53] for ASIC design. HLS-based methods are a popular solution for devel-

oping deep learning accelerators from high-level DNN model specifications [57–60]

and have also been investigated for generating FFT hardware IP [61].

Hardware Generation Tools. Another approach to building domain-specific

hardware is to design tools for hardware generation instead of single hardware

instances. In contrast to HLS, developing hardware generators still requires an

understanding of microarchitectural-level details to construct the design. One of

the popular approaches used in both industry and academia is to build generators

using high-level programming languages embedded in Scala or Python, such as

Chisel [62], SpinalHDL [63], and Magma [64]. These hardware description lan-

guages (HDLs) provide hardware primitives which the designer uses to describe

the hardware but enables one to use features of a high-level software programming

language such as object-oriented programming, functional programming, and poly-

morphism to design highly parametrized, reusable generators. Users pass a set of

compile-time parameters to the generator which then goes through its own com-

piler passes and optimizations before producing RTL-level descriptions. Some ex-

amples include generators for coarse-grained reconfigurable arrays (CGRAs) [65],

CPU cores and accelerators [66–70], and embedded FPGA (eFPGA) fabrics [71].

The SPIRAL [32] system for hardware generation takes a code generation
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approach starting from a high-level problem specification, then uses algorithmic

breakdowns and multi-level DSLs to construct the hardware. It has previously

been developed for generating streaming FFT hardware [37] and approaches for

more flexible hardware generation [39] of different algorithms such as bitonic sorters

and Walsh-Hadamard transforms. The approach for automating hardware design

in this thesis builds upon the strengths of the SPIRAL approach and high-level

hardware description languages. Complex datapaths that are challenging to man-

ually design without deep domain knowledge are almost directly extracted from

SPIRAL internal representations. A highly parametrized, architectural template

of the accelerator developed in Chisel automatically instantiates these datapaths,

enabling fast design times for realizing different hardware design points.

Accelerator Programming. Programming specialized hardware is a notori-

ous pain point in adopting new domain-specific architectures. The goal of recent

work in this area is to achieve the energy efficiency and performance of using

heterogeneous hardware while abstracting away underlying hardware details from

the application developer. Domain-specific languages and compilers [32, 72–76]

improve programmer productivity by providing abstractions and constructs that

enhance the expressability of computations, then automatically optimize those ex-

pressions and generate code to target different hardware platforms. New tools

have been developed for deep learning, image processing, graph computations,

and numerical kernels, where targeting various specialized architectures for those

domains. There are also compiler approaches that specifically target FFT acceler-

ators from legacy FFT programs [77]. The Fourier ACcelerator Compiler (FACC)

adapter approach uses a generate and test system to match user code to accelerator

APIs.
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1.3 Proposed Approach

We propose a new paradigm for designing the next generation of FFT hardware

that addresses the need for flexibility, programmability, and energy efficiency in

accelerating high performance software-driven FFT applications. We observe that

in FFTW [25], the de facto standard software library for FFTs, flexibility arises

from recursion and that the FFT computation can be pushed to the leaves of the

recursion. Thus to retain this flexibility we propose the idea of hardware accelerat-

ing only the base cases of the recursion, known as codelets, while the composition

is still defined in software. This further allows the hardware to be exposed to the

user through the standard FFTW API and therefore remain transparent to the ap-

plication developer. We demonstrate the approach through a flexible architectural

template, software stack, and a proof-of-concept automated design framework to

build the accelerator. We then show how we can apply the approach to different

applications by extending the hardware generator to support new architectural

features. The design tools are used to build silicon testchips that validate the

methodology and demonstrate gains in energy efficiency and performance.

1.4 Contributions

The focus of this thesis is on the design paradigms that enable new domain-specific

FFT hardware for software-driven high performance computing or high perfor-

mance embedded computing, and the tools necessary to realize the accelerators.

Following these principles, it presents an end-to-end design methodology and new

design tools to program, build, and integrate the accelerators into real systems.

This thesis makes the following contributions:

14



• Demonstrates a flexible FFT hardware architecture based on accelerating

FFTW-style codelets and shows how the flexibility can also be leveraged for

realizing common DFT properties.

• Provides a design framework for automatically building and integrating the

FFT-based hardware accelerators with application software. A hardware

generator automatically produces accelerator instances that are targeted

through a software stack co-designed as a drop-in replacement.

• Demonstrates the end-to-end approach for a few example FFT software pro-

grams through performance modeling.

• Presents extensions that expand the scope of the design framework and

capabilities of the generated hardware accelerators.

• Builds silicon testchips that are showcase the design paradigms. Design tools

are used for hardware development, verification, and testing while the soft-

ware tools enable programmability of the flexible accelerators in full system-

on-chip designs.

1.5 Thesis Outline

The thesis is organized as follows.

Chapter 2 first presents the relevant mathematical background on the Discrete

Fourier Transform and properties that can be exploited in FFT hardware design.

It then introduces the idea of accelerating FFTW-style codelets as a new design

paradigm for FFT hardware and shows how the approach retains software-like

flexibility and programmability of the hardware. The microarchitectural details
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of a “hardened” codelet datapath highlight the necessary features to support the

various codelet types of FFTW. Finally, it presents the first silicon test chip of a

SPIRAL-generated hardware instance implemented in a 28nm process, showing a

first look at how SPIRAL can be used in the ASIC design process.

Chapter 3 presents the end-to-end design automation framework, from software

to hardware, to build and program the accelerators. It first details the hardware

components: a hardware codelet generator and an architectural template of the

accelerator implemented using the Chisel HDL. Next, it discusses the software

stack that bridges application software to custom hardware, where accelerator

programs can be automatically generated. A second test chip implemented in a

28nm process is designed, programmed, and characterized using the new design

tools.

Chapter 4 discusses how the hardware framework is extended to applications in

fault tolerant computing, digital signal processing, and high performance comput-

ing. While the underlying design principles remain the same, additional hardware

features such as non-standard ALUs and custom hardware codelets become ben-

eficial in these domains. This chapter highlights the different ways in which the

design methodology can be tailored towards new applications.

Chapter 5 discusses the LibraryX-ASIC framework for hiding accelerator of-

fload behind FFTW library calls and shows how the program executes on the

accelerator. It then presents some code examples targeting the accelerator and an

evaluation through performance modeling.

Chapter 6 concludes with final remarks and future directions.
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Chapter 2

Accelerating FFTW Codelets

In this chapter we begin with a discussion on the Discrete Fourier Transform

and its implementation using the fast Fourier Transform algorithms. We also

present its extension to multi-dimensional DFTs and some of the key properties

that can be exploited when designing FFT hardware. We then introduce the idea

of “hardening” FFTW-style codelets and discuss the design of an initial silicon

prototype based on this idea. Finally, we conclude with a detailed look at our

proposed microarchitecture of a hardware codelet.

2.1 The Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is the critical mathematical transformation

between time and frequency domain representations of finite-length, discrete data

that is used in many applications. The DFT is defined by the following formula [8]:

X[k] =

N−1∑
n=0

x[n]e−j2πkn/N , (2.1)
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where x[n] is a sequence of N complex inputs that is transformed to a complex,

length-N sequence, X[k]. The complex roots of unity, e−j2πkn/N , are commonly

referred to as “twiddle factors” in the context of the DFT.

Fast Fourier Transform Algorithms. Computing a length-N DFT using

Equation (2.1) results in a computational complexity of O(N2). In practice, com-

puting the DFT is often implemented using the fast Fourier Transform (FFT)

algorithms to reduce the complexity to O(N logN). The most well known and

commonly used FFT algorithm is the Cooley-Tukey algorithm [78], which recur-

sively decomposes the computation to smaller sized FFTs when N is not prime.

FFT algorithms have since been extensively studied, resulting in many variants

that optimize for arbitrary input size or different compute platforms and applica-

tion requirements.

2.1.1 Multi-dimensional DFT

The 1D DFT expressed in Eq. 2.1 can be extended to the multi-dimensional DFT.

Given a multi-dimensional sequence x[n0, . . . , nd−1] of size N0 ×N1 × . . .×Nd−1,

its d-dimensional transform is expressed as

X[k0, . . . , kd−1] =

N0−1∑
n0=0

· · ·
Nd−1∑

nd−1=0

x[n0, . . . , nd−1] e
−j2π

(
k0n0
N0

+···+
kd−1nd−1

Nd−1

)
(2.2)

The multidimensional DFT is separable, meaning that the higher dimensional

transform can be broken down into Nd−1 1D DFTs over every dimension where

the order of the dimensions does not matter. This is more easily seen once the
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complex exponential of the sum is broken up:

e
−j2π

(
k0n0
N0

+···+
kd−1nd−1

Nd−1

)
= e

−j2π

(
k0n0
N0

)
· · · e

(
kd−1nd−1

Nd−1

)
(2.3)

Now the complex exponential and summations in Eq. 2.2 can be grouped or inter-

changed in different ways. This leads to a variety of algorithms and performance

implications when implementing higher dimensional DFTs.

2.1.2 Convolution

A well known property of the DFT is that the circular convolution in one domain

becomes multiplication in the other. This property is used in a number of different

applications to reduce the computational complexity of the convolution, such as

spectral methods for solving PDEs, large integer multiplication [79], and wireless

communications. The circular convolution between two length N sequences, x =

x[n] and h = h[n], can be written in matrix form as follows

y = Ch x, (2.4)

where Ch is a circulant matrix defined as:

Ch =



h[0] h[N − 1] h[N − 2] · · · h[1]

h[1] h[0] h[N − 1] · · · h[2]

h[2] h[1] h[0] · · · h[3]

...
. . .

...

h[N − 1] h[N − 2] · · · h[0]


. (2.5)
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Each column of the circulant matrix, Ch, is a circular shift of the previous column

and the matrix vector multiplication expresses the circular convolution. Now we

show that the DFT matrix diagonalizes a circulant matrix, where the eigenvectors

are the basis vectors of the DFT matrix formed by complex roots of unity. Taking

the k-th DFT basis vector, fk,

(fk)n = W−nk
N ,

where k ∈ [0, N − 1] and WN = e−j2π/N and applying the circular convolution, we

have

(Ch fk)n =

N−1∑
m=0

h
[
(n−m) mod N

]
W−km

N . (2.6)

Recognizing the circular shift nature of the indices, we now substitute ℓ = (n −

m) mod N and m = (n− ℓ) mod N ,

(Ch fk)n =

N−1∑
ℓ=0

h[ℓ]W
−k(n−ℓ) mod N
N

=
N−1∑
ℓ=0

h[ℓ]W
−k(n−ℓ)
N

=
N−1∑
ℓ=0

h[ℓ]W kℓ
N W−kn

N . (2.7)
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From here we can see that the term λk =
∑N−1

ℓ=0 h[ℓ]W kℓ
N is the k-th element of

the DFT of h, which is an eigenvalue of the circulant matrix since W−kn
N = (fk)n:

(Ch fk)n =
(N−1∑

ℓ=0

h[ℓ]W kℓ
N

)
·W−kn

N

= λk (fk)n. (2.8)

The eigenvectors of a circulant matrix are therefore the columns of the DFTmatrix,

so the DFT matrix diagonalizes a circulant matrix and can be expressed as

Ch = F−1 Λh F (2.9)

FCh = Λh F (2.10)

where Λh = diag
(
H[0], H[1], . . . , H[N − 1]

)
is a diagonal matrix containing the

DFT of h. The circular convolution of a vector x with h is then

F (Chx) = ΛhFx = ΛhX, (2.11)

which is the property that the convolution of h and x, Chx, in the time domain

becomes an element-wise product in the frequency domain, ΛhX.

This property applies directly to circular convolutions. For a linear convolution

between a length N sequence x[n] and a lengthM sequence h[n] there is no circular

wrap around in the computation:

y[k] =

N+M−2∑
n=0

h[n]x[k − n], (2.12)

where y[m] is of length N + M − 1. To realize the linear convolution with the
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DFT, both sequences must be padded with zeroes to length N +M − 1, and then

the circular convolution between the zero-padded sequences becomes equivalent to

performing the linear convolution between x[n] and y[n].

2.1.3 Forward and Inverse Transforms

The forward and inverse DFT have the property that a forward DFT can actually

be computed using an inverse DFT, and vice versa. This can be derived from the

matrix vector form of the transforms. The DFT matrix, F , is a Vandermonde

matrix where the elements are given by Fk,n = e−j2πkn/N for k, n ∈ [0, N − 1]. If

F is the forward DFT matrix, let F be its conjugate. Then,

y = Fx = (Fx) (2.13)

The DFT matrix is unitary and symmetric, meaning that F−1 = F . So the result

above tells us that an inverse DFT can be calculated by simply conjugating the

input, taking the forward transform, and conjugating the output.

Alternatively, we also show that an equivalent method is to swap the real and

imaginary parts of the complex number before and after the forward transform.

Suppose z = a+bj is a complex number. Then the swap of the real and imaginary

parts can be expressed mathematically as

jz = j(a− bj) = b+ aj. (2.14)

Letting zs denote the complex number with swapped real and imaginary parts,

Eq. 2.14 can be rearranged to get z = −jzs. We can substitute this result back
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into Eq. 2.13 and use linearity of the DFT:

y = (F (−jxs)) = (−jFxs) = j(Fxs) (2.15)

Since the operation j multiplied by the complex conjugate is equivalent to the

swap, we have shown the result that the real and imaginary parts can be swapped

before and after forward transform to compute the inverse.

2.1.4 Other properties of the DFT

Table 2.1 contains some of the other well known properties of the DFT.

Property Time domain Frequency domain

Linearity αx[n] + β y[n] αX[k] + β Y [k]

Time shift x[n− n0] e−j2πkn0/N X[k]

Frequency shift ej2πnk0/N x[n] X[k − k0]

Circular convolution (x⊛ y)[n] X[k] · Y [k]

Multiplication x[n] · y[n] 1
N (X ⊛ Y )[k]

Correlation (x ⋆ y)[n] X∗[k] · Y [k]

Conjugate symmetry x[n] ∈ R X[k] = X∗[(−k)N ]

Table 2.1: Table of DFT properties between time and frequency domain.

Properties of the DFT present opportunities to design hardware that reuses

much of the same building blocks, but can result in very different mathematical

computations. For example, one common pattern is that element-wise multiplica-

tion in one domain, with complex exponentials or another sequence, maps to the

convolution, correlation, or shift properties in the opposite domain. The following

chapters discuss how we capture this insight and consider the tradeoffs between

approaches when making architectural design decisions.
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2.1.5 Kronecker Product Notation

The DFT can be expressed in another way using the Kronecker product, or tensor

product, notation. The Kronecker product between an n × n matrix A and an

m×m matrix B is defined as

A⊗B =



a0,0B a0,1B · · · a0,n−1B

a1,0B a1,1B · · · a1,n−1B

...
...

. . .
...

am−1,0B am−1,1B · · · am−1,n−1B


(2.16)

where ai,j are elements of the matrix A and ai,jB is the scalar multiplication of ai,j

with the matrix B. The resulting matrix is of size mn×mn. SPIRAL [32] uses the

Kronecker product to express different algorithmic breakdowns of the DFT. For

example, the Cooley-Tukey FFT algorithm for a DFT of size n, where n = mk,

can be written as

DFTn = (DFTm ⊗ Ik)T
n
k (Im ⊗DFTk)L

n
m (2.17)

where Ln
m is a stride permutation, Im is the m×m identity matrix, and T is the

twiddle factor matrix. The first step of the transform is the stride permutation,

L, which is defined as

Lmn
m : in+ j 7→ jm+ i, 0 ≤ i < m, 0 ≤ j < n. (2.18)

Although it is applied to a 1D vector, when the vector is viewed as a 2D m × n

matrix Lmn
m can be interpreted as a transpose of the m × n matrix. The first
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stage of DFTs is m blocks of size-k DFTs on contiguous vectors of size k. The

results from the first stage are then scaled by the diagonal twiddle matrix, Tn
k .

The last stage of the transform is k DFTs of size m where the subvectors are now

interleaved rather than contiguous. Here, we also see that the DFT stages are of

size k and m, so can be broken down recursively into smaller size butterflies.

Higher-dimensional DFTs can also be expressed using the Kronecker product.

For example, the 2D and 3D DFTs are given by:

DFTn×m = DFTn ⊗DFTm (2.19)

DFTk×n×m = DFTk ⊗DFTn ⊗DFTm (2.20)

The formulas above can be transformed using tensor product identities to ma-

nipulate the algorithm they express and therefore how parallelism is exploited.

The variety of mathematical transformations and breakdowns yield implementa-

tions that can be optimized for specific hardware platforms. The next section

introduces some of these identities and algorithm variants.

2.1.6 Tensor Product Identities

Transformations on the mathematical expressions are based on tensor product

identities which result in different algorithms. The following table shows some of

the identities used to manipulate the DFT formulas. The table first describes some

of the basic distributive and commutative identities. The second half of the table

shows various stride identities and factorizations. The DFT formulas in Eq. 2.17

and 2.20 are transformed using these identities.
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(BC)⊤ = C⊤B⊤

(A⊗B)⊤ = A⊤ ⊗B⊤

Imn = Im ⊗ In

A⊗B = (A⊗ Im)(In ⊗B)

In ⊗ (BC) = (In ⊗B)(In ⊗ C)

(BC)⊗ In = (B ⊗ In)(C ⊗ In)

A⊗B = Lmn
n (B ⊗A)Lmn

m

(Lmn
m )

−1
= Lmn

n

Lkmn
n = (Lkn

n ⊗ Im)(Ik ⊗ Lmn
n )

Lkmn
km = (Ik ⊗ Lmn

m )(Lkn
k ⊗ Im)

Lkmn
k = Lkmn

km Lkmn
kn

Table 2.2: Table of tensor product identities to manipulate DFT formulas.

2.1.7 Short Vector Algorithms

A variant of the Cooley-Tukey algorithm in Eq. 2.17 was derived for short vector

length machines such as CPUs with SIMD extensions [80] [81]. First, the leftmost

expression DFTm ⊗ Ik of the Cooley-Tukey breakdown is already vectorized. It

can be viewed as a single DFTm on vectors of length k. The expression Im⊗DFTk

is manipulated using the identities in Table 2.2 such that almost all computations

are vectorized. Its formula is:

DFTn =
((

DFTk/ν ⊗ Im/ν

)
⊗ Iν

)
Tn
m

(
Ik/ν ⊗

(
Lmν
m ⊗ Iν

)
×
(
Im/ν ⊗ L2ν

ν

)(
DFTm ⊗ Iν

))(
L
n/ν
k/ν ⊗ Iν

)
(2.21)

where ν is the vector length and n = km. Only the stride permutation L2ν
ν is

not vectorized as it represents a permutation within the vector. The short vector

variant of the Cooley-Tukey algorithm packs complex data elements into the ν-way

vector and all computations are now ν-way vector parallel. In SIMD machines,
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parallelism is realized across space where a machine vector register stores the entire

vector, but the approach here can be used to target specialized FFT hardware

which also parallelize across time.

2.2 “Hardening” FFTW-style Codelets

The fundamental kernels of the FFTW [25] approach to computing FFTs are fixed,

small size transforms known as codelets. A decomposition of the transform is then

specified by the plan data structure which defines the composition of codelets and

their respective parameters. The executor manages execution of the transform for

a given input data vector by interpreting the plan and invoking codelets with the

specified parameters.

The standard FFTW library consists of a collection of codelet types and sizes

including powers-of-2 up to 64 and small primes (e.g. 3, 5, 7). Concretely, a size-p

FFTW twiddle codelet performs element-wise scaling of inputs by twiddle factors

and then computes an in-place size-p DFT. The no-twiddle codelet computes only

an out-of-place size-p DFT. Each type of codelet operates on data at different

input/output strides specified by the plan.

The adaptivity of the library to specific hardware platforms is supported through

plans and recursive functions. The planner has the flexibility of composing codelets

in different ways to compute FFTs of real/complex data and of arbitrary size or

dimension. A code generator, genfft, automatically generates the codelets as

straight-line C code. An overview of the FFTW library is depicted in Fig. 2.1.

The structure of an example FFTW application is shown in Fig. 2.2. The

function fftw_plan_dft_1d constructs and stores the plan as a composition of

codelets and the actual execution takes place at the fftw_execute function call.
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Figure 2.1: Overview of the FFTW library. Codelets are automatically generated
pieces of C code that perform steps of the FFT computation at various small
sizes. The library infrastructure implements data structures, recursive functions,
and vectorization features that enable the flexible and adaptive nature of FFTW.

1 #include <fftw3.h>
2

3 int main() {

4 // Declare in/out arrays and plan

5 fftw_complex *in, *out;

6 fftw_plan p;

7

8 // Allocate/Init

9 in = (fftw_complex *) fftw_malloc(sizeof(fftw_complex) * N);

10 out = (fftw_complex *) fftw_malloc(sizeof(fftw_complex) * N);

11 ...

12

13 // Construct 1D complex FFT plan

14 p = fftw_plan_dft_1d(2*N, in, out, FFTW_ESTIMATE);

15

16 // Execute FFT plan

17 fftw_execute(p);

18

19 // Post-process and cleanup

20 ...

21 fftw_destroy_plan(p);

22 fftw_free(in), fftw_free(out);

23 }

Figure 2.2: Example FFTW program. The function fftw plan dft 1d constructs
and stores the plan as a composition of codelets and the actual execution takes
place at the fftw execute function call.

28



We observe that once an FFTW codelet is invoked, there is no requirement that

the computation takes place in software. The codelet can instead be accelerated

in hardware with the actual composition of the codelets still defined in software.

Thus accelerating only the kernel of FFTW enables a large degree of flexibility for

the breakdown of the FFT computation.

A hardware accelerator for codelets can be exposed as a FFTW compatible

API and can also be targeted by FFTX. While the FFTW API is still maintained

to the user, a custom hardware accelerator carries out the actual execution of the

codelets. The software infrastructure can be provided through a C library which

looks like FFTW to effectively hide the dispatching of codelets in hardware. Then,

the hardware is designed such that it is compatible with the software library and

can interpret and execute codelet launches. Fig. 2.3 shows a software abstraction

of how codelets are composed and then invoked in a 4-point FFT example. The

first two launches of the hardware kernel computes two DFTs of size 2 with the

respective base address and stride parameters. A memory fence is issued due to the

data dependency and the final two kernel launches then complete the computation.

The software attempts to batch up as many independent codelets as possible, but

has the freedom to compose them in any way.

Fig. 2.4 then shows how that sequence of codelets would be stored in a spe-

cialized data structure and then executed by a separate function call.

Such an accelerator can be designed to concurrently process batched codelet

invocations and integrated with a CPU that acts as a control processor. The

proposed hardware design approach [82] can also be viewed analogously to the

FFTW library structure shown in Fig. 2.1. A configurable codelet datapath

should support the various codelet types and a hardware state machine manages
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1 // Function executing 4-point DFT
2 void execute_dft4(_Complex double *X, _Complex double *Y) {

3

4 _Complex double U[4];

5 _Complex double T[1] = {__I__};

6

7 // Launch hardware kernels

8 dft2_kernel(U, X, NULL, 1, 2, 0);

9 dft2_kernel(U+2, X+1, T, 1, 2, 0);

10

11 // Memory Fence

12 #pragma pipeline fence

13

14 // Continue invoking kernels

15 dft2_kernel(Y, U, NULL, 1, 2, 0);

16 dft2_kernel(Y+1, U+1, NULL, 1, 2, 0);

17 }

18

Figure 2.3: Example of a 4-point FFT invoking hardware codelets.

1 // Data structure containing codelet parameters
2 descriptor_t dft4[] = {

3 {U, X, NULL, 1, 2, 0},

4 {U+2, X+1, T, 1, 2, 0},

5 FENCE,

6 {Y, U, NULL, 1, 2, 0},

7 {Y+1, U+1, NULL, 1, 2, 0},

8 DONE

9 };

10

11 // Execute plan

12 execute(dft4);

Figure 2.4: Example 4-point FFT codelet plan and execution call.

the execution of batched codelet invocations, depicted in Fig. 2.5.

We demonstrate a first look of this idea through a hardware accelerator test

chip that executes the key computational kernel, a twiddle codelet. The accelerator

processes independent fixed size FFT computations and twiddle factor multiplica-
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Figure 2.5: Comparison of the FFTW approach to the proposed hardware codelet
approach.

tions in a pipelined fashion.

2.3 A First Radix-8 Codelet Test Chip

An initial test chip of an FFTW codelet accelerator is designed and taped out

in a TSMC 28nm process. The core computation accelerates a radix-8 twiddle

codelet, consisting of a fixed radix-8 FFT followed by eight general twiddle factor

multiplications. In this section we first discuss how SPIRAL is integrated into

the ASIC design flow to co-design the hardware. We then detail the function and

microarchitecture of each of the main components of the test chip.

Hardware Generation. To facilitate design of the FFT hardware, we use

SPIRAL to automatically generate the RTL description for a radix-8 complex

FFT. The design flow proceeds as follows and is illustrated in Fig. 2.6.

SPIRAL uses a script that first defines the parameters for the generated FFT

hardware. Within the SPIRAL system an algorithm is chosen and the problem is
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represented in an Operator Language (OL) formula. Through a rewrite system, the

OL formula is translated to lower-level DSLs for analysis, compiler optimizations,

and pipeline register insertion until the generated code is wrapped in an RTL

module.

For this first test chip, we hand design all other functionality including complex

multipliers, FIFOs, control circuitry, and test infrastructure that surrounds the

radix-8 FFT hardware. The final generated code is integrated with the other

hardware modules and then passed to the ASIC design and verification process to

produce a test chip that can be fabricated. We use a standard-cell based ASIC

tool flow for synthesis and physical design, and verification is performed against

our own Python golden models. A block diagram of the test chip is shown in Fig.

2.7.

Figure 2.7: System block diagram of test chip. The input FIFOs feed 16 single-
precision numbers to the radix-8 FFT every cycle and output FIFOs capture 16
single-precision numbers from Diag. The chip can be run in a looping mode for
power measurements.

33



2.3.1 Radix-8 FFT Architecture

The SPIRAL-generated FFT hardware is a fully unrolled radix-8 architecture,

giving the highest possible throughput at one full vector of outputs per cycle.

Additionally, the design uses single-precision floating point arithmetic to support

a wider variety of scientific applications which may have different dynamic ranges.

As shown in Fig. 2.8, the FFT hardware implements exactly the signal flow

diagram of an 8-point FFT where every arithmetic operation is mapped to a ded-

icated adder/multiplier. The dataflow is also optimized such that the multipliers

in the FFT unit are constant multipliers with one fixed input since the twiddle

factors within the radix-8 FFT are fixed constants. Pipeline registers are auto-

matically inserted to ensure that each set of FFT computations remains aligned

in the datapath. Each floating point adder is further pipelined to three stages:

one for the exponent comparison, another for the mantissa addition, and a final

stage for normalization. The floating point multiplier is pipelined to two stages

where one stage performs the mantissa multiplication and the other completes the

normalization stage. The radix-8 FFT is aggressively pipelined to 13 stages to

increase throughput of the accelerator.

2.3.2 Diag Unit

The eight complex outputs of the FFT are fed directly to the Diag unit, which

consists of eight complex multipliers to perform all complex twiddle multiplica-

tions in parallel. General twiddle multiplication at the end of the fixed 8-point

FFT forms the FFTW equivalent of a “twiddle codelet”. A complex multiplier is

implemented using four floating point multipliers and two floating point adders.

The design of each adder is exactly the same as those in the FFT core, however
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the multiplier is instead a two-input single-precision multiplier since the twiddle

factors are not fixed constants in the Diag unit. All complex multiplies occur in

parallel to maintain steady-state pipeline, the Diag unit is pipelined to a total of

5 stages.

Figure 2.8: Internal architecture of the Spiral-generated radix-8 FFT and Diag
complex multiplier block. The FFT unit uses single-precision adders and constant
multipliers. The Diag unit has 8 complex multipliers, where each complex multi-
plier has four multipliers and two adders.

2.3.3 Memory

In order to sustain steady-state pipeline operation, we design 24-stage shift register

FIFOs which directly input and capture complex single-precision numbers to and

from the FFT/Diag units every cycle. One set of FIFOs holds the input FFT

data, another holds complex twiddle factors, and the final set holds the output
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data coming from the Diag block. The input FIFOs are designed so that their

outputs can loop back to the input so that the system continuously run. The design

contains a total of 4.5 kB of FIFO memory which is implemented as synthesized

memories. The on-chip memory is designed in this way so that we can demonstrate

the achievable throughput performance of the hardware kernel.

2.3.4 Control Unit

The control unit processes incoming data from off-chip through an asynchronous

I/O protocol to load in test vectors to the FIFOs. We load 4-bit nibbles which

the control unit then assembles together to form the 32-bit FP numbers which

populate the FIFOs. The load-in data includes a set of bits allocated as metadata

to inform the control unit which mode to operate the chip in. The FFT/Diag

core can be configured to run in “compute” mode to run through one full set of

test vectors in the input FIFOs and write to the output FIFO, or “looping” mode

which continually runs the test inputs through the FFT/Diag units to obtain power

measurements.

2.3.5 Dataflow

Fig. 2.9 shows the how data flows through the twiddle codelet accelerator and

a detailed timing diagram. Independent batches of codelet computations flow

through the FFT and Diag block every cycle. An output FIFO captures each

batch of radix-8 twiddle codelet where the Diag input data is sequenced such that

it aligns with the incoming FFT computation.
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fft_input_data<511:0>

diag_input_data<511:0>
output_data<511:0>

1st set of FFT inputs

FFT pipeline delay

1st set of outputs
Diag pipeline delay

1st set of twiddle factor inputs

Figure 2.9: Timing diagram of the dataflow through the FFT and Diag compute
cores.

2.3.6 Measured Results

The FFT accelerator test chip is fabricated in a TSMC 28nm process and has a core

size of 1.2mm x 0.7mm. The radix-8 FFT core occupies 0.118mm2 and the Diag

unit occupies 0.151mm2, with the remaining area occupied by FIFO memory and

control/test infrastructure. Figure 2.11b shows a more detailed area breakdown

by functional block. Since the design is a fully unrolled architecture, it achieves a

throughput of 8× fclk complex samples per second.

Functionality is verified with test vectors consisting of 24 sets of eight complex
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single-precision floating point data and eight complex twiddle factors to completely

fill up the input FIFOs. After running the computation we read out the contents

of the output FIFO from the test chip and compare against the corresponding

output obtained from RTL simulation. A micrograph of the die is shown in Fig.

2.10 and the chip implementation details are summarized in Table 2.3.

Figure 2.10: Die micrograph of 1.5mm × 1mm Spiral-FFT test chip in TSMC
28nm. The chip has 60 I/O pads and a core area of 1.2mm × 0.7mm. FIFO
memory holds a total of 4.5 kB of data.

At nominal 0.9V the chip runs at 260 MHz and consumes a total of 126 mW

when computing 8-point FFTs and twiddle factor multiplications at a throughput

of 2.08 Gsamples/sec. The FFT and Diag units consume 75 mW and the FI-

FOs and clock generator consume 51 mW. A detailed breakdown of the measured

dynamic power consumption is also shown in Fig. ??a.

Across a core voltage range of 0.65V-1.15V, the chip successfully operates at

155-270MHz. The Shmoo plot in Fig. 2.12 demonstrates the full voltage-frequency

operating points at which the test chip is functional. This marks the first silicon
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Technology TSMC 28nm

Core Supply 0.9 V

Chip Area 1.5 mm2

Core Area 0.84 mm2

Frequency 455-1188 MHz

I/O 60

Memory 4.5 KB (FIFOs)

Power 472 mW (at 1V)

Throughput 3.8-9.52 GS/s

FFT8 Latency 15.1-39.5 ns

Table 2.3: Implementation Summary

(a) Power (b) Area

Figure 2.11: Breakdown of power consumption at 0.9V and area by block

tapeout in which SPIRAL is used as a part of the design flow. In the following

section we discuss how the core of this accelerator is used as a key component in

designing the complete configurable hardware codelet.
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Figure 2.12: Shmoo plot of SPIRAL-FFT accelerator. Green areas represent the
points at which the chip is functional. At nominal 0.9V the chip runs at 260 MHz
and at a supply range of 0.65-1.15V the chip operates at 155-270MHz.

2.4 The Hardware Codelet Microarchitecture

The hardware-accelerated codelet must support the flexibility of executing different

small size FFTs and the choice of computing twiddle or no-twiddle codelets. Thus

we design a reconfigurable codelet datapath that supports a fixed set of small

size FFTs and complex element-wise multiplications. Furthermore, a dedicated

hardware transposer is required for permuting inputs/outputs within batches of

codelet invocations. A special case transpose codelet was also developed in FFTW

[25].

An overview of the the configurable hardware datapath is depicted in Fig. 2.13.

Registers are placed at the beginning and end of every block to pipeline between

memory accesses. In between each functional block is a set of muxes that allow

the operations in the datapath to be reordered or skipped. The values set in the
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Figure 2.13: Configurable datapath implementing the equivalent of an FFTW
codelet. The datapath is reconfigured during runtime based on the plan specifica-
tion, which sets the values of the configuration registers.

configuration registers control the mux selects and are fixed for the entire duration

of a batch codelet invocation. The entire accelerator design is written in the Chisel

HDL [62] to generate Verilog RTL for various codelet sizes, data types, accelerator

interfaces, or memory sizes. The following sections provide microarchitectural

details of each of the main components and the supported reconfigurations of the

datapath.

2.4.1 FFT Datapaths

The FFT block in Fig. 2.13 represents a collection of different complex FFT

datapaths which must be decided at design time. Each small sized radix-r FFT

is an independent hardware instance and the choice of which size is operating is

based on the current radix value set in the configuration register. Once the user

selected codelet sizes are instantiated, the accelerator will support only those sizes

in hardware and the configuration register must be set accordingly. Similar to
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FFTW, the collection of hardware codelets are automatically generated and the

design flow will be discussed in more detail in Chapter 3.

Figure 2.14: FFT datapaths.

Fig. 2.14 shows a detailed example of a radix-8 FFT where the other green

blocks represent different FFT sizes. The values of the supported radices are

contained in a bank of registers, and a comparison against the currently configured

radix generates the control signals that enable only the desired radix datapath.

The highlighted paths in red show how the FFT can take place after transposing,
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without transposing, together with the Diag, or completely on its own as well. In

the case the Diag is computed, the FFT can take place before or after it. A more

complete discussion on the possible configurations of the hardened codelet is in

Sec. 2.4.4.

Forward and Inverse Transforms. The direction signal controls whether

a forward or inverse FFT is performed. We use the DFT property derived in

Sec. 2.1.3 which says that an inverse transform can be performed via a forward

transform by conjugating the inputs, taking the forward tranform, and conjugat-

ing the outputs. This is relatively simple to realize in hardware by negating the

complex input/output elements. For floating-point numbers it is just a mux that

selects between the sign bit or its inversion. The other strategy is to swap real and

complex elements on the way in and out of the kernel. This approach requires a

mux for every input/output real and imaginary part, but could be more efficient

for datatypes where negation is not as simple as flipping a sign bit.

Mixed Radix Support. Supporting multiple FFT radices instantiates sep-

arate hardware blocks for each required radix. In the case that a smaller size

butterfly can evenly divide the larger radix, incoming data coming from all input

lanes can be sequenced to the the smaller butterfly. Otherwise we assume that only

the first r inputs to the codelet will be used. Other approaches [41,43] explore how

the existing butterfly structure of larger sizes can be reused to simultaneously sup-

port smaller sizes. For example, both radix-2 and radix-4 butterflies exist as part

of the signal flow for a radix-8 butterfly. However previous work [43] has shown

that going from constant multipliers in separate butterflies to general multipliers

with mux logic incurs enough overhead that the two approaches become almost

comparable. The reconfigurable butterfly requires multiplier optimizations [42] to
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realize more improved area efficiency.

2.4.2 Diagonal

The Diagonal (Diag) block performs a diagonal matrix multiply using a set of

element-wise complex multipliers as large as the maximum FFT radix size chosen.

The element-wise multiplication can take place before or after the FFTs, or in

the case of the no-twiddle codelet, omitted from the computation as well. We

implement the complex multiplier using four multipliers and two adders, shown

in Fig. 2.15. Registers are inserted before and after the multipliers to pipeline

between memory accesses.

A common optimization technique for FFT hardware is to remove the first

element-wise multiplier since for each butterfly computation, the first twiddle fac-

tor multiplication is with a value of 1. However, we leave the first multiplier here

so that we can perform element-wise operations that occur between DFT stages,

a common pattern seen in FFT-based algorithms such as convolutions or correla-

tions. In these type of cross-stage FFT-based computations, it is not necessarily

the case that the complex multiplication takes place with twiddle factors (roots of

unity) since the second set of inputs need to be treated as another set of arbitrary

complex values.

Alternatively, one could also implement the complex multiplier using three

multipliers and five adders in the case that multipliers are costly to implement.

Suppose we have two complex numbers, x = a + bi and y = c + di. Then, the
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Figure 2.15: Diagonal Block

product, z = xy, is:

Re(z) = ac− bd (2.22)

Im(z) = (a+ b)(c+ d)− ac− bd (2.23)

and it becomes clear that the number of multipliers required is now reduced

by one at the cost of three additional adders. The technique has been used in
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area/resource-constrained ASIC and FPGA designs where multipliers are costly

to realize.

2.4.3 Transposer

The Transposer is implemented in a systolic-array fashion in which “column”

vectors of data are loaded in parallel over successive cycles, but then written back

to memory in a “row”-wise fashion. Since codelet invocations are parallelized

over time, this performs small block transposes within the batch. To maintain

throughput over every cycle we duplicate the systolic arrays and ping-pong between

loading data into one and loading data out of the other. The codelet pipeline

provides the option of performing the transpose before the computation, after the

computation, or both before and after the computation.

Fig. 2.16 shows the microarchitectural details of the transposer. The size of the

array is again determined by the largest supported radix size in the FFT datapath.

The transpose unit placed after the computation must first select between FFT

or Diag outputs. As data flows out of the array, the codelet outputs are selected

from one of the two ping-pong arrays. Finally a set of muxes determine whether to

select transposed or non-transposed outputs. In the case that the codelet is config-

ured for non-transposed outputs, the transposer is disabled to prevent unnecessary

switching of the array registers.
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Figure 2.16: Systolic Array Transposer

2.4.4 Supported Datapath Configurations

The codelet configuration registers control the choice of FFT radix, forward or

inverse transform, and the ordering of the FFT/Diag/Transposer blocks. The

supported mappings from configuration values to hardware is detailed in Table 2.4

and also pictorially in Fig. 2.17.

At design time, the radices to support in the FFT datapath are first deter-

mined. For each radix, the datapaths are then fully unrolled and instantiated

separately where the radix configuration register selects which butterfly is enabled

for computation. Depending on the banking scheme of the memory subsystem,
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Configuration Register
Datapath

Diag
Diag
First

Transpose
First

Transpose
Last

0 X 0 0 FFT

0 X 1 1 Transp, FFT

0 X 1 1 FFT, Transp

0 X 1 1 Transp, FFT, Transp

1 0 0 0 FFT, Diag

1 0 0 0 FFT, Diag, Transp

1 0 0 0 Transp, FFT, Diag

1 0 0 0 Transp, FFT, Diag, Transp

1 1 0 0 Diag, FFT

1 0 1 0 Diag, FFT, Transpose

1 1 1 0 Transp, Diag, FFT

1 0 1 1 Transp, Diag, FFT, Transp

Table 2.4: Supported mappings from configuration registers to datapath compu-
tation.

we may also choose to instantiate as many smaller radix butterflies to match the

supported IO bandwidth.
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Figure 2.17: A visual representation of the arrangements of the reconfigurable
codelet. The green FFT datapaths can be reconfigured for different sizes or for-
ward/inverse transforms. The Diag is shown in blue and transpose units are shown
in purple.
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Chapter 3

A Design Automation

Framework

Design tools are crucial to realize the new paradigms and build the accelerators.

Similar to FFTW, where a code generation tool was needed to generate software

codelets, the analogous hardware generation tools are needed for design automa-

tion. In this chapter we first discuss the design automation framework for gener-

ating the codelets and the accelerator instantiating the codelets. Then, we discuss

the software tools developed to program it and walk through some examples that

show how we can hide the accelerator behind an FFTW library call. To validate

both the software and hardware design tools, we present a silicon testchip that

implements our generated RTL design and executes custom accelerator programs.

Finally, we conclude by showing how the accelerator can be integrated into a

RISC-V system and coupled to a control processor.
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3.1 An Architectural Template for Hardened Codelets

We design the accelerator to fit in a high level machine model consisting of (1) a

host CPU coupled to the accelerator, (2) the accelerator which interfaces to fast

on-chip local memory, and (3) main memory with a mechanism for data transfer,

as depicted in Fig. 5.2.

Figure 3.1: High-level machine model. The accelerator interfaces to its own local
memory and is coupled a controlling CPU. The system has a mechanism for data
transfer to and from off-chip main memory.

We also design the necessary architectural components such that the accelera-

tor is compatible with the software library and can interpret and execute codelet

launches. Finally, we present the design automation tools needed to automatically

generate and instantiate hardened codelets in an accelerator through a hardware

generator written in Chisel.
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Figure 3.2: FFT accelerator architectural template. The decoder interprets de-
scriptors specified by the accelerator program to set the codelet configuration and
fetch data according to the IO base address/stride patterns. The codelet datapath
moves data to/from banked scratchpad memory.
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3.1.1 Architecture Overview

The overall accelerator architecture is illustrated in Fig. 3.2. At the core of

the accelerator is the configurable hardware codelet, deeply pipelined to support

concurrent execution of batched codelets. The accelerator operates in a manner

similar to that of a long vector machine in which computation is parallelized over

time, but instead small size FFTs are batched and concurrently executed in the

codelet pipeline. Thus parallelism is actually exploited over space and time. The

hardware codelet interfaces to fast on-chip memory which can be realized in differ-

ent ways. In this work, we implement the on-chip memory as scratchpad SRAM

banks that are managed explicitly in software. Input/output data is stored in a

banked scratchpad with as many SRAM banks as the maximum FFT radix size.

Data is transferred from local scratchpad memory to main memory through the

host CPU’s data transfer mechanism and the accelerator’s interface to the system.

The following sections now cover each of the major components of the accelerator.

3.1.2 Descriptors

The codelet configuration is determined at runtime based on the plan specifica-

tion, encoded as a program consisting of descriptors that specify parameters for

batched codelet execution. Descriptors contain two key components: the codelet

configuration parameters discussed in Sec. 2.4.4 and the input/output/diag base

address, strides, vector strides, and vector lengths for loading and storing data

to memory. The descriptors are packed into 32-bit wide instructions and each

descriptor is constructed of multiple instructions. The implementation of the de-

scriptors is also flexible enough that additional parameters can be incorporated if

needed.
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Memory parameters specify the addressing pattern for retrieving and storing

a batch of data. Successive inputs to the FFT are addressed according to the

base address offset and stride, where the first complex input requests data at

baddr + offset, where baddr is a pointer to scratchpad memory. The ensuing

elements up to the size of the currently operating radix are addressed at stride

increments. Then, the next sequence of of data is retrieved starting from the

base address offset incremented by a vector stride, baddr+offset+vstride and

the following elements are again accessed at the same stride value. Independent

vectors of data are loaded up to the size of the batch defined by the descriptor.

The same addressing mode is used for loading Diag data and for writing data back

to memory, but each will have its own set of parameters for the batch.

In addition to the memory and codelet configuration descriptors, there are

also some special case parameters for additional pipeline control. First, a flag to

indicate a pipeline flush allows the hardware to continuously execute descriptors

if there are no data dependency concerns across batches. Second, a special case

descriptor for a memory fence is also required to synchronize codelet invocations.

The controlling CPU can then resume the operation once all data transfers and

codelet invocations reach the fence point.

3.1.3 Frontend

The accelerator programs are first stored to a local descriptor memory. The host

CPU sends both a start command and a base pointer to the program to initialize

execution. Then, the front-end begins to fetch descriptors and interpret the en-

coded codelet parameters. Once a descriptor has been completely decoded, if the

codelet pipeline is not busy then the parameters are passed directly to the respec-
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tive datapath configuration registers and the memory address generation units.

Otherwise, the decoded parameters are sent to a descriptor queue. If the current

in-flight descriptor does not need to be flushed then the parameters at the head of

the queue are fetched immediately after the previous batch is completely issued.

If a pipeline flush is required, the next descriptor and batch is issued after the

in-flight descriptor indicates completion. The descriptor queue allows the frontend

to run ahead of the compute pipeline so that the core does not stall on descriptor

decoding. Because the depth of the codelet pipeline can be deep, the ability to

continuously issue batches without pipeline flushes is important.

3.1.4 IO Engine

The IO engine manages data movement from the compute pipeline to local mem-

ory and the accelerator interface to the system’s memory subsystem. The interface

from local on-chip memory to the hardware codelet is controlled by address gen-

eration units that take decoded memory descriptor parameters and issue packets

of memory requests using the addressing pattern described in Sec. 3.1.2. Each

memory bank is connected to a single input/output element of the maximum sized

radix and sequential addresses are interleaved across scratchpad banks. The ad-

dress generators will receive the next descriptor’s memory parameters once the

current batch has completed its load/store requests and any pipeline flushes are

handled.

The second aspect of the IO engine is to handle the accelerator’s interface to

the system in which it plugs into. Its actual implementation depends on the system

architecture, but can be designed to interface to a system bus, memory controller,

etc. The final section of this chapter will show specific examples of how this can
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be designed for different types of systems.

3.1.5 Hardware Codelet

The datapath details of the hardware codelet were presented in Sec. 2.4.1. Here we

discuss some of the additional considerations for interfacing with the accelerator

frontend, scratchpad memories, and controlling CPU. The configuration of the

compute pipeline will change the load/store sequencing of the data and depth of

the pipeline. To handle this we use a latency-insensitive interface that sends a

‘valid’ bit with the input data which flows through the pipeline and is pulled out

at certain points for controlling the issuing of load/store requests. If the Diag

multiplications occur after the FFT, then the valid signal coming out of the FFT

is used to initiate the load from scratchpad for Diag inputs. We use the final valid

signal that exits the pipeline with the output data to initiate the write request back

to scratchpad memory. We can also backpressure or stall the compute pipeline

through a ’ready’ signal sent on the output side of the pipeline.

The codelet controller is a state machine that tracks the batch as it flows

through the pipeline. When the current in-flight batch does not specify a pipeline

flush, the controller only updates the next batch memory parameters for the ad-

dress generation units in the IO engine. The accelerator program guarantees that

the codelet configuration does not change across batches with no pipeline flushes.

For batches which must be flushed, the controller stalls the update of all codelet

and memory parameters until all data is written back to the scratchpad. Memory

fence descriptors send the controller into an idle state where it waits until the CPU

indicates computation can resume. The accelerator will also raise a status flag to

indicate to the CPU that the fence has been reached.
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3.2 Hardware Design Flow

The end-to-end design flow from the software stack to the generated hardware

is shown in Fig. 3.3. We leverage SPIRAL [32] in two ways, first as a design-

time tool and second as a runtime tool for software and hardware generation. At

design-time, the hardware needs to be instantiated based on the problem types

that the applications span. During this phase we specify the data types, codelet

sizes, memory capacities, and descriptor parameters for the hardware generator to

produce an accelerator design. The FFT datapaths and element-wise multipliers

are generated by SPIRAL using the codelet sizes passed to the generator. The

Chisel hardware generator automatically instantiates generated codelets into the

accelerator and emits SystemVerilog RTL which can be used in a standard ASIC

toolflow.

3.2.1 Generating Hardened Codelets

Automatically generating the codelet datapaths is a key component for enabling

rapid design cycles and prototyping using the design framework. The basic hard-

ware codelet template is written in Chisel and provides a mechanism for auto-

matically instantiating a collection of FFT datapaths and the Diag element-wise

multipliers. The hardware codelets are completely unrolled such that the entire

signal flow of the FFT is realized in space. To facilitate hardware generation of

the unrolled FFT basic blocks, we use the SPIRAL [32] code generation system

which contains internal representations of the FFT signal flows.

The generation process begins with a problem specification for the desired FFT

size (e.g. DFT8), and the transform is completely unrolled using the algorithmic
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Figure 3.3: Automated Design Flow. The SPIRAL code generation system is used
to co-design parts of the accelerator core and for code generation.

breakdowns in SPIRAL. At the lowest level DSL, the abstract code representation

called icode contains the unrolled DAG for the entire transform. However the

DAGs for generating software basic blocks cannot be directly unparsed for hard-

ware generation since pipeline register insertion is required to ensure that data

vectors remain aligned through the computation. We perform a timing analysis

pass on the icode representation, where the latencies of arithmetic units can be

passed in as parameters to the analysis.

58



Starting from the primary inputs to the module, we assign an abstract notion of

time that starts at 0. We then trace the DAG and track the delays of the inputs at

every node. If they match, then we increment the incoming time according to the

latency of the node and assign the updated value to the resulting operand. If they

do not match, then we insert a ‘delay’ node that is annotated with the required

delay value to align the faster operand with the slower one. Then the delayed

operand is assigned the new time which now matches with the other operand.

After performing the timing pass, we unparse the updated DAG to the Chisel

HDL [62].

Our implementations take advantage of the object-oriented, functional abstrac-

tion paradigms introduced by high-level hardware description languages such as

Chisel. Unparsing the icode representations to Chisel is relatively simple because

an adder, multiplier, or even shift register FIFO can be instantiated in a single

line of code. Implementations of specific arithmetic units are provided in a sepa-

rate Chisel package. The current codelet generator contains parametrized floating

point units for half, single, and double-precision arithmetic, but we note that dif-

ferent data types can be supported in the future. Fig. 3.4 shows an example of the

SPIRAL-generated Chisel code for a single-precision, complex radix-3 FFT which

is the minimal example that shows the effect of the timing pass. The combina-

tion of SPIRAL’s mathematical framework and Chisel’s higher level programming

abstractions creates a powerful generator for automatically realizing the hardware

codelets.

Example codelet design. The following figures show a few small size powers-

of-2 and prime size FFTs which are automatically generated using SPIRAL. The

blocks depicted in Fig. 3.5 and Fig. 3.4 support single-precision floating point
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1 package dft.accel
2

3 import chisel3._
4 import chisel3.util._
5 import _root_.circt.stage.ChiselStage
6

7 import dft._
8 import ChiselFloat._
9

10 class Dft3() extends DftIO(UInt(32.W), 3){
11

12 val beat = Wire(Bool())
13 val a38, a40, a41, a44, s7, s8, shift1, shift2,
14 shift3, shift4, shift5, shift6, t69, t70, t71, t72,
15 t73, t74 = Wire(UInt(32.W));
16 val sreg_sig_out = Wire(UInt(1.W));
17 t69 := FPAdd(io.X.bits(2), io.X.bits(4), beat)
18 t70 := FPAdd(io.X.bits(3), io.X.bits(5), beat)
19 a38 := FPMult("h3F000000".U, t69, beat)
20 shift1 := ShiftRegister(shift3, 1, 0.U, beat)
21 t71 := FPSub(shift1, a38, beat)
22 a40 := FPMult("h3F000000".U, t70, beat)
23 shift2 := ShiftRegister(shift4, 1, 0.U, beat)
24 t72 := FPSub(shift2, a40, beat)
25 a41 := FPSub(io.X.bits(3), io.X.bits(5), beat)
26 s7 := FPMult("h3F5DB3D7".U, a41, beat)
27 a44 := FPSub(io.X.bits(2), io.X.bits(4), beat)
28 s8 := FPMult("h3F5DB3D7".U, a44, beat)
29 shift3 := ShiftRegister(io.X.bits(0), 3, 0.U, beat)
30 t73 := FPAdd(shift3, t69, beat)
31 io.Y.bits(0) := ShiftRegister(t73, 4, 0.U, beat)
32 shift4 := ShiftRegister(io.X.bits(1), 3, 0.U, beat)
33 t74 := FPAdd(shift4, t70, beat)
34 io.Y.bits(1) := ShiftRegister(t74, 4, 0.U, beat)
35 shift5 := ShiftRegister(s7, 3, 0.U, beat)
36 io.Y.bits(2) := FPAdd(t71, shift5, beat)
37 shift6 := ShiftRegister(s8, 3, 0.U, beat)
38 io.Y.bits(3) := FPSub(t72, shift6, beat)
39 io.Y.bits(4) := FPSub(t71, shift5, beat)
40 io.Y.bits(5) := FPAdd(t72, shift6, beat)
41 sreg_sig_out := ShiftRegister(io.X.fire, 10, 0.U, beat)
42

43 beat := sreg_sig_out === 0.U | io.Y.ready
44 io.X.ready := beat
45 io.Y.valid := sreg_sig_out
46 }

Figure 3.4: Generated Chisel code for radix-3 single-precision FFT hardware. This
example shows how adders, multipliers, and pipeline registers are instantiated in
the generated hardware.

arithmetic where each adder is pipelined to four stages and each multiplier con-

sists of two pipeline stages. The latencies of each arithmetic unit are passed to
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the SPIRAL hardware generation script such that the timing pass can insert the

appropriate shift register delays into the datapath.

Figure 3.5: Example radix-2, 3, 4, 8 generated FFT hardware. Each arithmetic
unit performs real-valued operations and the inserted pipeline registers are also
shown. All multipliers are constant multipliers in the FFT datapaths.

3.2.2 Generating the Codelet Accelerators

The top-level accelerator generator exposes compile-time parameters which the

user specifies in order to generate the full codelet accelerator from the architectural

template. These include data type, memory capacity, and desired codelet sizes

which are all passed down as parameters to subcomponents of the top-level Chisel

accelerator. The system automatically instantiates as many scratchpad memory
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banks as the maximum requested codelet size. The descriptor memory, decoder,

controller, and IO engine are each implemented as parametrized Chisel modules

which are connected together in a top-level accelerator module.

Figure 3.6: Overview of the accelerator generation process. User defined param-
eters including codelet sizes, data type, and local memory capacity are passed to
the Chisel generator. The hardware codelets are pregenerated and contained in a
separate Chisel package.

The FFT hardware modules are pre-generated for sizes 2-8 and contained in a

separate Chisel package. If other codelet sizes are desired, they can also be gener-

ated via SPIRAL and added to the package. To instantiate the desired set of FFT
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modules, all SPIRAL-generated FFT Chisel code must extend a parametrized ab-

stract class called DftIO. Then the sequence of codelet sizes, passed as a parameter

to the top-level generator, can be mapped to a sequence of Chisel modules and

their IO signals are connected to the top-level codelet datapath. The generated

RTL is completely synthesizable and is compatible with a standard ASIC toolflow

using timing SDC constraints. For ASIC designs, all memory modules need to

be replaced with foundry-specific SRAM macros. Later in this chapter, we will

present a testchip implementing a radix-4 codelet accelerator that validates the

RTL produced by our generator.

1 package dft
2

3 import chisel3._

4 import chisel3.util._

5

6 abstract class DftIO[T <: Data](val data: T, val N: Int) extends Module {

7 val io = IO(new Bundle {

8 val X = Flipped(Decoupled(Input( Vec(2*N, data) )))

9 val Y = Decoupled(Output( Vec(2*N, data) ))

10 })

11 }

Figure 3.7: Parametrized abstract class DftIO which all generated FFT modules
must extend. The selected codelet sizes are then mapped to the corresponding
FFT hardware module.

3.2.3 Evaluation of Overheads

We quantitatively evaluate the area of the accelerator to show that the overhead

of decoding and invoking batched codelets is low especially as the codelet size

increases. The percent overhead is calculated by taking all logic area (in µm2)

excluding the hardware codelet and dividing by the total synthesized logic area.
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The total accelerator area includes all logic required for the controller, IO engine,

decoder, and configurable hardware codelet. All designs interface to 1KB of plan

memory and 256KB of local scratchpad memory, but we exclude the memory

macro area required for plan and data memories in the evaluation. All designs

support single-precision floating point arithmetic and are synthesized at a 1GHz

clock frequency using TSMC 16nm standard cell libraries.

Figure 3.8: Percent overhead of descriptor fetch, decode, and control units out of
total accelerator logic area.

The percent overhead of the frontend descriptor fetch, decode, and control logic

area is about 13.3% for an accelerator with only a complex radix-2 codelet and

gradually decreases to about 0.7% at a codelet size of 32. As the number of floating

point adders/multipliers increases in the codelet, the overhead of the state machine

and small ALUs for interpreting and executing programmable descriptors becomes

extremely low. Furthermore, descriptors can specify different FFT algorithms to

guarantee that the codelet pipeline is saturated. Thus if our design were compared
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against a fully hardened ASIC at a fixed problem size, the additional overhead of

programmability would not be significant.

3.3 Software Framework

Once the accelerator is instantiated, an FFT program for the accelerator can now

be generated or handwritten. We provide a low-level C library which exposes

an API to program and configure the accelerator for batched codelet invocations.

When the code is compiled with the library, it generates the program binary which

contains the descriptor parameters and can be interpreted by the accelerator. In

this section we discuss components of the software tools that enable high-level

application software to program the hardware. We also discuss the higher-level

architectural model that was developed for validating the accelerator programs.

3.3.1 Low-level Software Library

A low-level software library translates batched codelets and their respective pa-

rameters to descriptors and program binaries which the accelerator can interpret

and execute. This allows a user to compose an FFT computation on the accelera-

tor by writing a standard C program against the library, which then builds a data

structure containing the descriptors. The library functions then map directly to

the low-level descriptor instructions supported by the accelerator. The flexibility

of the hardware is exposed through this software layer and enables one to specify

computations in a variety of different ways, similar to FFTW’s plans.

The library provides the necessary assembler to translate the descriptor data

structures to the accelerator specific binary that executes on the hardware. In

Fig. 5.1b we show an example C program with the descriptor data structure
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that a user can construct, in this case the descriptors express a 64-point complex

FFT using radix-8 FFTs. The configuration descriptors set the parameters for

the codelet datapath while the following memory descriptors specify the IO base

address, stride, vector stride, and vector length.

3.3.2 Simulation Models

The framework also provides a software architectural model that models transaction-

level behavior of the hardware. It takes accelerator program binaries, decodes

the descriptors and collects the parameters, then sequentially executes the batch

codelet invocations using the decoded parameters. The models enable faster soft-

ware development and verification cycles without needing to go to RTL simulation,

making them particularly useful during hardware design cycles. In the next sec-

tion, we will discuss how this layer of the accelerator API is exposed to higher

level application code.

3.3.3 LibraryX-ASIC

While accelerators have many benefits, they also have a few challenges specifically

in programmability and adoption. Accelerator designers define their unique end-

to-end software stack for developer use, but this is challenging because it requires

developers to potentially learn a new programming model to access the accelerator.

This becomes increasingly more complicated for each new accelerator introduced,

limiting program portability. To address the issues of programmability and porta-

bility of accelerator devices, we propose LibraryX-ASIC [83]. LibraryX-ASIC is an

automated framework designed to hide the complexity of accelerator offload be-

hind domain-specific software libraries like FFTW [25] for FFTs, or C++ Standard
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Figure 3.9: Overview of the FFT accelerator microarchitecture.

Template Libraries (STL). Using the library’s standard interface, LibraryX-ASIC

recognizes the operation, generates an optimized accelerator implementation, and

offloads it to the accelerator automatically, populating the output buffer upon com-

pletion. This relieves the programmer of having to worry about various accelerator

offload paradigms.

3.3.4 End-to-end Example

We describe the LibraryX-ASIC system design using a simple FFT program shown

in Fig. 3.10. We discuss how FFT library calls are recognized and captured. We

then describe the high-level process to generate equivalent accelerator code using

SPIRAL.

LibraryX-ASIC has been integrated with the proposed FFT-based accelerator

to demonstrate how an application developer can target the accelerator through a

standard software interface. Fig. 3.10 shows a simple FFT program in which the

FFT library call is recognized and captured. At runtime the generated code, split

into host code and accelerator code, shown in Fig. 5.1b is executed. The host code

sets up the data transfer between the accelerator and main memory and invokes
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1 #include <iostream>
2 #include <complex>

3 #include <vector>

4 #include "fftw3.h"

5 #include "LibraryX_ASIC.hpp"

6 using namespace std;

7 int main() {

8 int N = 64;

9 int sign = -1;

10 u_int f = FFTW_ESTIMATE;

11 vector<complex<float>> input(N);

12 vector<complex<float>> output(N,0.0);

13

14 buildInput(input);

15

16 //call is replaced with accelerator offload

17 //and executed

18 fftwf_plan p = fftwf_plan_dft_1d(N,

19 (fftwf_complex*)input.data(),

20 (fftwf_complex*)output.data(), sign, f);

21 fftwf_execute(p);

22

23 //output buffer contains accelerator result

24 checkOutput(output);

25

26 fftwf_destroy_plan(p);

27 return 0;

28 }

Figure 3.10: The FFT application in written against FFTW will be executed on
an FFT acclerator without user modification using LibraryX-ASIC. The output
buffer will be populated as if nothing changed.

the accelerator with the base pointer to the accelerator program. The accelerator

program is contained in the dft desc data structure as an array of descriptors

and gets interpreted by the accelerator’s descriptor decoder.

Capturing Library Calls LibraryX-ASIC uses a function call capturing tech-

nique called delayed execution to intercept library calls at runtime. This trans-

forms library calls from operations performed on inputs and outputs to specifi-
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1 #include "model.h"
2 #include "utils.h"

3 #include "accel.h"

4

5 Program dft_desc[7] = {

6 {CONFIGI,8,0,0,1,0,1,1,0,8},

7 {MEMI,MEM_IN,1,8,0xFF,LOCAL_MEM,0},

8 {MEMI,MEM_DIAG,1,8,0xFF,LOCAL_MEM,

9 LOCAL_MEM_REGION_SIZE};

10 {MEMI,MEM_OUT, 1, 8, 0xFF, LOCAL_MEM,0};

11 {CONFIGI,8,0,0,0,0,1,1,1,8};

12 {MEMI,MEM_IN,1,8,0xFF,LOCAL_MEM,0};

13 {MEMI,MEM_OUT,1,8,0xFF,LOCAL_MEM,0}

14 };

15

16 void dft64(float *Y, float *X) {

17 enter();

18 float *T23;

19 T23 = initTwiddles64();

20 dmaLoad(LOCAL_MEM, 0, 0, 8, 1, X, 8, 8, 8);

21 dmaLoad(LOCAL_MEM, 1, 0, 8, 1, T23, 8, 8, 8);

22 // Invoke Accelerator

23 executePlan(0, dft_desc);

24 dmaStore(LOCAL_MEM, 0, 0, 1, 8, Y, 8, 8, 8);

25 exit();

26 }

Figure 3.11: SPIRAL generated accelerator code. The generated code uses in-
formation from SPIRAL’s FFT description including input ranges and input and
output strides.

cations describing the computation to be performed. In the case of FFTs this

includes the type of transform, its dimensionality, and the types for the call’s in-

put and output. At runtime the LibraryX-ASIC captured call is invoked. Here,

LibraryX-ASIC extracts the library call information, building an SPL expression

that describes the library call’s semantics. This SPL expression is then passed to

the SPIRAL system for code generation.

SPIRAL Code Generation. The SPIRAL code generation system uses
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the LibraryX-ASIC SPL expression to generate the ASIC implementation. This

SPL expression goes through a series of transformation stages within SPIRAL

that implement and optimize the FFT calculation. In the first stage, a specific

algorithm is selected to instantiate the FFT. As the example FFT accelerator

supports radix-8 hardware codelets, SPIRAL specializes its algorithmic breakdown

for radix-8.

The FFT accelerator exposes an intrinsic C library for computation offload,

and SPIRAL produces the intrinsic code for the FFT computation. Along with

the actual operation, SPIRAL also produces the setup code to move the pointers

from the host device to the accelerator, and performs memory cleanup once the

operation is complete. An example generated FFT implementation is shown in

Fig. 5.1b.

3.4 Generator Verification via Silicon Testchip

The previous silicon prototype showed a first look at how SPIRAL [32] is integrated

as a part of the ASIC design flow for accelerating only the computational kernel.

3.4.1 A Radix-4 Codelet Accelerator in 28nm

A generated radix-4 FFT accelerator design is taped out in a TSMC 28 nm process.

The codelet datapath consists of an unrolled radix-4 complex FFT, four element-

wise complex multipliers, and a 4×4 systolic array transposer. There is a total

of 32 KB on-chip memory for data and descriptors implemented using SRAM

macros. Twiddle factors up to FFT length 64 are programmed into a ROM. The

data memory consists of four SRAM banks such that four complex elements can be

fed into the radix-4 datapath per cycle. The accelerator RTL is entirely generated
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using our design framework and verification is also facilitated with the software

design tools to generate test vectors and golden models.

Technology TSMC 28nm

Chip Area 1.0 mm2

Core Area 0.49 mm2

Core Voltage 0.65 - 1.15 V

Frequency 350-1025 MHz

IO Pads 44

Power Domains 3

(a) Implementation Summary (b) Die micrograph

Figure 3.12: Summary of 1mm × 1mm test chip implementation in a TSMC 28nm
process and micrograph of generated accelerator

The 1mm × 1mm FFT accelerator test chip is fabricated in a TSMC 28nm pro-

cess and has a core size of 0.7mm x 0.7mm. The radix-4 datapath occupies about

0.024mm2 and the Diag block occupies 0.045mm2. Fig. 4.20 shows a summary of

the die measurements and the accelerator layout. At nominal 0.9V the chip runs

at 750 MHz and consumes a total of 142.95 mW to execute a 64-point complex

FFT. The chip successfully operates in a range of 350-1025MHz at a supply voltage

of 0.65V-1.15V. The black line in Fig. 3.13 demonstrates the voltage-frequency

operating points at which the test chip is functional. For the same workload, the

accelerator core consumes 93.12 mW and the memories consume 49.83 mW op-

erating at 0.9V, 750MHz. The total measured power at the maximum operating

frequency for a fixed voltage is shown in black in Fig. 3.13.

The 28nm programmable FFT accelerator supports both iterative and recur-
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Figure 3.13: Voltage-frequency operating points and total power consumption mea-
sured from 0.65V - 1.15V. Operates from 350-1025 MHz and consumes 142.95 mW
at 0.9V, 750MHz.

sive FFT algorithms for a few 1D and 2D powers-of-4 FFTs, demonstrating the

highly flexible nature of our design approach. Furthermore, the silicon prototype

verifies the functionality of our end-to-end design framework where generated soft-

ware and hardware components ease much of the manual design effort in the ASIC

design flow process.

3.5 System Integration

3.5.1 RISC-V System-on-Chips

The accelerator has been integrated into a few heterogenous SoC systems with

RISC-V CPUs acting as the controlling processor. Here we show an example of

how the accelerator fits into the ESP [84] SoC architecture and is coupled to the

control processor.

Tile-based SoC Architecture The ESP platform for flexible SoC develop-
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ment provides a tile-based architecture where tiles can be configured as processor,

memory, or accelerator tiles. Any domain-specific accelerators inserted into the

SoC can receive configuration parameters but are responsible for managing their

own DMA request and responses. We have integrated the accelerator into a config-

uration of the ESP SoC shown in Fig 3.14. The accelerator plugs into the system

NoC through the defined ESP interface and then manages its own packets through

the NoC.

Figure 3.14: ESP Tile-based RISC-V SoC with generated FFT accelerator tile.

The extensible nature of our design allows us to integrate the ESP interface

into the accelerator relatively easily. The IO engine of the accelerator architecture

incorporates an additional state machine which handles the response and request

streams to and from the NoC. The descriptors are also extended to support DMA

requests which the accelerator must initiate.

Program execution. Below we show the execution flow of the program.

The accelerator byte code is contained in a data structure whose base pointer is
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passed to the accelerator upon invocation. The accelerator then initiates the DMA

transfer to load the program from the pointer. Once the data transfer completes,

the program execution begins and upon completion will initiate store requests back

to the SoC memory.

Figure 3.15: Accelerator program execution on the ESP RISC-V platform with
custom FFT accelerator.
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Chapter 4

Extending Hardware

Capabilities

In this chapter we discuss several ways in which the design approach and hard-

ware framework has been extended towards other applications in fault tolerant

computing [85], digital signal processing, and high performance computing.

4.1 An Algorithm-based Approach to Soft Error Tol-

erance

Modern semiconductor technology scaling has led to an increased vulnerability in

electronic systems to radiation-induced soft errors [86, 87]. High energy particles,

such as heavy ions, protons, or neutrons, can cause a temporary change of state

known as a soft error upset (SEU) upon striking and interacting with the inte-

grated circuit. Protecting against soft errors is crucial for circuits operating in

safety-critical space/upper atmosphere applications where radiation environments
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are harsh. Even large scale terrestrial systems, such as hyperscale data centers

deploying integrated circuits (ICs) at high volume, are facing increasing reliability

concerns due to effects from terrestrial radiation [88–90].

One of the most common design techniques to mitigate the effects of soft er-

rors is to incorporate system-level hardware redundancy for error detection and

correction. Using triple modular redundancy (TMR) or dual modular redundancy

(DMR) schemes, the designer triples/doubles modules within the design and in-

cludes additional logic for error correction or detection. Both of these approaches

can be leveraged at varying levels of granularity (e.g. at the register or func-

tional unit-level) at around 2-4X area and power overheads. However the cost of

TMR/DMR-based approaches is significant and becomes overwhelming, especially

as power constraints and energy efficiency drive the performance scaling of new

computing systems. In designing large modern SoCs, it has become critical to

analyze tradeoffs between reliability, power, performance, and area so that only

critical components are actually replicated [91,92]. Hence strategies to reduce the

overheads while still providing tolerance against soft errors is increasingly impor-

tant.

Figure 4.1: TMR technique using three copies of the module and a majority voter
circuit.
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Another method to protect against soft errors is to refactor computations such

that they take advantage of properties of the algorithm itself for error detection

or correction, an approach typically referred to as algorithm-based fault tolerance

(ABFT) [93]. Exploiting algorithmic properties, such as transform invariants or

matrix checksums, provides opportunities to detect and correct errors at low over-

head without necessarily relying on system-level redundancy techniques. Inspired

by the principles of ABFT, in this work we propose a new hardware redundancy

approach for soft error tolerance in datapath modules. Our insight is that re-

dundancy can be realized through floating-point interval arithmetic where lower

precision interval arithmetic hardware reduces overheads compared to fully repli-

cating modules. Error detection then relies on the guarantees provided by interval

arithmetic and forward error analysis of the specific computation.

The following sections detail the approach and demonstrate how our design

tools even enable fast hardware prototyping for non-standard arithmetic. In partic-

ular, it showcases how higher levels of abstraction representing the FFT datapaths

leverage a Chisel library of arithmetic building blocks to generate unconventional

FFT hardware instances.

4.1.1 Algorithm-Based Fault Tolerance

The idea of exploiting algorithm specific properties for fault tolerance was first

demonstrated for matrix operations [93]. The key idea behind ABFT is to encode

the data such that the encoding relation still holds after the algorithm is applied,

enabling error detection or correction. The algorithm can then be modified to oper-

ate on the encoded data and produce encoded outputs, and finally the computation

is distributed across processing units such that faults affect only certain parts of
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the data. Error detection and correction can be performed based on the outputs

of the original computation and the encoded outputs. The approach has been

extended to a number of other domains such as digital signal processing [94–97],

machine learning [98,99], and HPC scientific computing applications [100–103].

4.1.2 Interval Arithmetic

Interval arithmetic [104] is an approach for performing sound floating-point arith-

metic as it provides the guarantee that the resulting interval must contain the

real number that is the result of the mathematical expression. Operations on real

numbers represented in floating point instead take place on intervals with floating

point boundaries containing the real number. Concretely, an interval x̂ = [xl, xu]

consists of floating point bounds that guarantee the exact number is contained

within the interval x̂. Interval arithmetic operations for addition, subtraction, and

multiplication are then defined as follows:

x̂+ ŷ = [RD(xl + yl), RU(xu + yu)] (4.1)

x̂− ŷ = [RD(xl − yu), RU(xu − yl)] (4.2)

x̂ · ŷ = [min(RD(xl · yl), RD(xl · yu), (4.3)

RD(xu · yl), RD(xu · yu)),

max(RU(xl · yl), RU(xl · yu),

RU(xu · yl), RU(xu · yu))]

where RD(x) rounds x towards negative infinity and RU(x) rounds x towards

positive infinity.

The guarantee of sound floating point arithmetic in interval arithmetic is valu-
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able for safety critical applications in which round-off errors can be catastrophic

[105–107]. Recent work has thus studied methods for automatically producing

efficient interval arithmetic programs with higher certified accuracy [108, 109]. In

this work we use this guarantee for designing an algorithm-based approach to soft

error tolerant hardware.

4.2 Interval Arithmetic-based Soft Error Tolerance

In this section we assume the single event upset fault model in which exactly one

internal node in the datapath can have its logic state flipped at a given clock

period. The focus of this work lies in the protection of logic or datapath modules

which implement a specific computation. Memories are assumed to be protected

through ECCs and scrubbing logic. The following section discusses how we adopt

interval arithmetic for lower overhead hardware redundancy and perform algorithm

specific forward error analysis for error detection.

4.2.1 Hardware Redundancy via Interval Arithmetic

Fig. 4.2 shows the block diagram of the proposed technique. Module 1 contains

the original hardware which executes its computation on the unmodified inputs.

A lower precision version of the module executes the same computation in interval

arithmetic using floating-point, providing hardware redundancy for error detection.

Inputs to the interval arithmetic block are lower precision intervals constructed

such that the original number is guaranteed to be within the interval. The input

values are first cast to a lower precision floating point representation and then

rounded towards +∞ and towards −∞ to get the upper and lower endpoint values.

Thus the constructed input intervals are small—the error margin is at most one
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unit in least precision (ulp), the smallest difference between two adjacent floating

point numbers. Constants within the module are also cast to intervals using the

same procedure and in the case that the number is exactly representable in floating

point will have the same endpoints. The interval outputs and the high precision

outputs from the original module all feed into the error detection block.

Figure 4.2: Interval arithmetic based approach for soft error tolerance.

Interval arithmetic addition and subtraction is implemented using two adders

to compute the upper and lower intervals. For subtraction the second operands are

swapped and the sign bit is flipped. In interval arithmetic multiplication, a naive

implementation following Eq. 4.3 may use four multipliers for each of the operand

combinations in computing one endpoint. Instead we perform sign bit logic to swap

operands on the fly and require only two multipliers for interval multiplication.

Constant multiplication is even simpler since the sign of one operand is known

at design time. The arithmetic unit for the upper endpoint implements rounding

towards +∞ and for the lower endpoint rounding towards −∞. Fig. 4.3 shows

block diagrams of the interval arithmetic units.
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Figure 4.3: Interval arithmetic hardware block diagram for (a) addition, (b) sub-
traction, and (c) multiplication.

4.2.2 Error Detection

The guarantee of sound floating-point arithmetic and forward error analysis of the

computation enable error detection. There are four general cases depicted in Fig.

4.4 which we must consider for the output interval and middle value. Fig. 4.5 shows

a block diagram of the steps for error detection. For any interval x̂ = [xl, xu], we

first check that xu > xl and d(xu, xl) < T where d(x, y) is the distance between

two floating point numbers, x and y, in terms of ulp. The threshold value, T , is

determined in terms of ulp through forward error analysis, which is discussed in

the following section. If both conditions are satisfied then the interval is accepted
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as valid. Otherwise we declare that there is an interval error.

Figure 4.4: The four potential cases for an output interval: (i) no error, middle
value accepted (ii) interval grows beyond bound, (iii) interval endpoints flipped,
and (iv) high precision middle value outside of interval.

We then check whether the high precision middle value, xm, is contained within

the interval. If xl < xm < xu, then we accept the high precision computation of the

original module and can write the value to a protected memory. If the condition

does not hold, then an error must have occurred in the high precision block and we

mark the computation invalid. The output control signal can be used to indicate to

a controller that the computation must be redone. We assume that the algorithms

to be protected are numerically stable and bit flips that affect the lowest order

mantissa bits while remaining within the bound are tolerable.

4.2.3 Forward Error Analysis

Using forward error analysis we can analyze the sequence of operations through

the computation to provide a meaningful bound on the growth of the interval. We
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Figure 4.5: High level block diagram of the proposed method for error detection.

Figure 4.6: Example of interval growth after floating point operations. Each in-
terval begins at 1 ulp distance but the resulting interval grows to 2 ulp due to
rounding.

also assume that the dynamic range of the inputs and outputs are known either by

properties of the application or through static analysis. All computations begin

with intervals that are constructed such that the width is at most one ulp. In

interval addition, rounding to +∞ introduces an absolute roundoff error of at one
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ulp. Rounding down incurs the same error, so the growth of the interval is bounded

by at most two ulp for a single interval addition. Fig. 4.6 shows an example of how

the resulting interval width can grow following interval addition. In multiplication,

we can bound the growth of the interval by constraining multiplicand range. For

example when computing FFTs, multiplication is always with twiddle factors so

it is guaranteed that one multiplicand is in the range [0, 1] and the growth is fixed

to 2 ulp.

Figure 4.7: Analysis of an example 2-point FFT butterfly datapath to bound the
output interval growth.

For each output of the module we analyze the critical path of additions, sub-

tractions, and multiplications to compute the bound, T , on the growth of each

interval. The bound is computed in terms of ulp whose absolute value depends on

the range of the number. To avoid tracking dynamic range throughout the compu-

tation, we use a worst case bound by performing static analysis to determine the

maximum ulp across the entire computation. The block diagram in Fig. 4.8 shows

how we implement the interval check in hardware. The error detection module

uses the exponent associated with the maximum ulp value to first normalize and
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shift the interval mantissas. Then, the mantissas can be subtracted and compared

against the bound, T . For every output interval we perform forward error analysis

as shown in Fig. 4.7 for a 2-point butterfly and implement the corresponding error

checking module in Fig. 4.8.

Figure 4.8: Hardware block diagram for interval checking using forward error
analysis.

4.3 A Soft Error Tolerant FFT Accelerator in 28nm

We implement the algorithm-based approach using interval arithmetic for a radix-8

fast Fourier Transform datapath and a systolic array. We also design test structures

to facilitate fault injections and error evaluation for each of the modules. Fig. 4.10

shows a block diagram of the test chip.
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4.3.1 Fast Fourier Transform

The fast Fourier Transform (FFT) datapath shown in Fig. 4.9 implements a fully

unrolled, complex radix-8 FFT supporting 32-bit single precision floating point

arithmetic and interval arithmetic units using 16-bit half precision. Twiddle factor

constants within the datapath are also converted to intervals. Both the original

module and the interval arithmetic version are pipelined to 13 stages to ensure all

outputs are aligned. Both single precision and half precision interval FFT hardware

are automatically generated using the SPIRAL [32] code generation system.

Figure 4.9: Architecture of the radix-8 FFT datapath and interval error detection.

Each 32-bit output and 16-bit interval feeds directly to the error detection

block to check validity of the outputs. A final reduction step across all interval

outputs indicates whether the computation can be accepted as valid. If invalid,

batched FFT computations [82] can be restarted by a controller.
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Figure 4.10: System diagram of the CosmIC test chip. The datapaths include a
complex radix-8 FFT and a systolic array, each replicated in interval arithmetic.
Input data can be generated through the LFSRs or specific tests can be loaded
into the on-chip memory. Additional test structures enable fault injection tests
and error tracking.

The bound on interval growth for the FFT is calculated by tracking the number

of operations that occurs for each output. We also assume that the input dynamic

range is bounded to values in the range of [0, 1]. For example, the first output

in Fig. 4.9 incurs a maximum growth of 6 ulp from the three addition operations

and we know that the maximum output dynamic range by properties of the FFT

is [0, 8]. Thus the maximum exponent and the threshold bound is determined and

can be used for error detection.

4.3.2 Interval Generation

We design a block for generating intervals on the fly as floating point numbers enter

each of the computations. The numbers are rounded towards +∞ and towards

−∞ for the desired lower precision representation: 16-bit half precision for the

FFT and the custom 12-bit format for the systolic array. This creates intervals

87



which are exactly one ulp distance away from each other. The logic is entirely

combinational for each input going into the respective block. This also enables the

protected hardware to act as a drop-in replacement since the interface to the data

does not change from the original hardware implementation.

4.3.3 Test Infrastructure

We implement linear feedback shift registers (LFSRs) to generate pseudo-random

inputs for both the FFT and systolic array modules. For each of the modules

we would also like to bound the input dynamic range, so we add additional post-

processing logic to ensure the generated floating point inputs are within the fixed

range. We also design synthesized memories so that specific test vectors can be

loaded for test and evaluation post-silicon.

To facilitate fault injection tests, we insert a dedicated scan chain for all flops

in the core datapaths. This allows us to scan out the state of the computation, flip

any bit, and scan the modified state back in to resume computation. The error

detection block also incorporates additional logic for tracking error counts and

location across the output intervals. A ring oscillator-based on-die clock generator

can provide frequencies up to the target 500 MHz core frequency.

4.3.4 Silicon Prototype

The 1mm x 1mm test chip is fabricated in a TSMC 28nm process and has a core

area of 0.7mm x 0.7mm. A micrograph of the die and the layout of the core

components is shown in Fig. 4.11.

The design targets a core frequency of 500 MHz. There are three power do-

mains for the clock generator, FFT/systolic array, and other control/test logic.
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Figure 4.11: 1mm x 1mm die micrograph. There are 44 IO pads and three power
domains. The protected accelerators are on the right side of the die. Additional
test infrastructure including LFSRs, memories, interval generation, and clock gen-
erator are on the left side of the die.

The chip can be operated through the LFSRs which feed data directly to the dat-

apaths or through specific test vectors that are loaded to the input memories. The

input/output memories are large enough to saturate the pipeline of the datapaths.

4.3.5 Comparison against TMR

To evaluate our approach we implement a TMR version of the modules as a baseline

comparison against the fabricated test chip. All results are extracted from post

place-and-route designs and include the logic area required for error handling.

The proposed interval arithmetic approach achieves a 2 times reduction in

area for the 8-point complex FFT and 3.3 times reduction for the systolic array

compared to the traditional TMR approach. The greater area improvement in the

systolic array design can be attributed to its higher fraction of multipliers which

scale down faster with decreased bitwidth. We also note the potential for further
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Figure 4.12: Comparison of total area between TMR and interval arithmetic pro-
tected implementations.

savings by lowering the interval precision.

4.3.6 Fault Injection Simulation

We discuss some results from fault injection simulation to demonstrate that our

method effectively detects bit flips occurring in the datapath. The test cases

presented below are extracting the 11th output of the FFT datapath and each one

corresponds to a scenario presented in Fig. 4.4. For each result we present the

lower, middle, and upper {xl, xm, xu} values with the affected value in bold.

1. Result: {0.6528, 0.6505, 0.6509}. The interval check immediately catches

that 0.6528 > 0.6509 and signals that the result is invalid.

2. Result: {0.6504,0.6507, 0.6509}. The center value’s lower mantissa bit is af-

fected, resulting in a value of 0.6507. However the interval result [0.6504, 0.6509]

is tight and still bounds the center value. Thus the error is tolerable and

the result can be accepted.

3. Result: {0.6504, 0.6505,0.9004}. There is an error in the MSBs of the
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upper endpoint of the interval. The interval distance is much larger than

the allowable bound and the result is declared as invalid.

4.3.7 Summary

This section introduced a new approach for building soft error tolerant hardware

and showed how it can be applied to FFT accelerators. The design of this test

chip showed that our hardware generation approach is extensible to new arithmetic

units or techniques for FFT-based accelerators.

4.4 A 16nm Heterogeneous SoC for Signal Modulation

Recognition

The deployment of modulation recognition (MR) systems on high performance,

resource-constrained devices is critical for computationally intensive signal intelli-

gence applications. Modern MR systems rely on a mix of machine learning (ML)

approaches and traditional digital signal processing (DSP) techniques for blind

signal classification, where signal characteristics are unknown a priori. The com-

putational intensity of such algorithms has led to its development on complex,

modern SoC systems consisting of CPUs, GPUs, FPGAs, and neural engines in

order to reduce the time required for signal analysis, while also constrained to

smaller form factors. Specialized accelerators thus offer the opportunity to realize

increased performance and energy efficiency on such high performance embedded

devices.

The MR system we study in this thesis consists of three phases: scan, detect,

and characterize. Our focus lies in the ‘characterize’ phase, which has been shown
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Figure 4.13: Modulation Recognition composed of scan, detect, and characterize
phases. We focus primarily on the computationally intensive spectral analysis
algorithms in the characterize phase for symbol rate estimation.

to take almost 50% of the entire execution time. During characterization, ML-

based approaches using deep neural networks are developed for classification of

signal modulation types. This is combined with traditional spectral correlation

analysis techniques that analyze cyclostationary processes to produce estimates of

the signal symbol rate. There are different computational methods for performing

cyclic spectral analysis including frequency smoothing and time smoothing ap-

proaches that rely heavily on FFTs. We focus specifically on the Strip Spectral

Correlation Algorithm (SSCA) used for analyzing cyclostationary signals.

4.4.1 Cyclostationary Processing

In this section we provide a brief background on cyclostationary processes and

then outline the SSCA algorithm used to estimate the spectral correlation function

(SCF). A cyclostationary process is a process that has statistical properties which

vary periodically over time, in contrast to the widely used model of a stationary
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process that has statistical properties which remain constant over time. Most real

world modulated signals exhibit cyclostationary properties where their statistics,

such as the mean, variance, or higher order moments, change at the fundamental

symbol rate. Thus analyzing such properties can be used to extract signal features

that aid modulation recognition systems.

The autocorrelation function of a signal is fundamental to cyclostationary pro-

cessing. It is defined as

Rx(τ) =
1

N

N/2∑
n=−N/2

x
[
n+

τ

2

]
x∗
[
n− τ

2

]
(4.4)

where τ is the time delay. The autocorrelation function is a measure of the simi-

larity of the signal against time-shifted versions of itself. So for example, if a signal

transmits symbols at a rate of N symbols/second, then at multiples of the symbol

period we would expect to see stronger autocorrelation. In this MR pipeline, the

goal of cyclostationary processing is essentially to determine where the periodicity

occurs in the autocorrelation function to estimate the signal symbol rate.

Taking the Fourier Transform of the time-varying autocorrelation function re-

veals information on the periodic patterns, known as cyclic features. The Cyclic

Autocorrelation Function (CAF) is the Fourier series coefficients of the autocorre-

lation function:

Rα
x [k] = lim

N→∞

1

2N + 1

N∑
n=−N

x[n+ k] e−jπα(n+k)
(
x[n] ejπαn

)∗
(4.5)

where α is the cycle frequency and k is the time delay. The cycle frequency, α,

represents the frequency at which the signal’s autocorrelation is changing. At

α = 0, the CAF becomes the standard autocorrelation function. Non-zero cycle
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frequencies, α ̸= 0, are called cyclic features that indicate a stronger periodic

correlation when non-zero.

The Spectral Coherence Function (SCF) now takes the Fourier Transform of

the CAF with respect to the time delay of the autocorrelation, τ :

Sα
x (f) =

∞∑
k=−∞

Rα
x [k] e

−i2πfk (4.6)

where α is again the cycle frequency and f is the spectral frequency. The intuition

behind the SCF is that it reveals periodicities occurring in the power spectral

density (PSD) of the signal. At α = 0, the SCF is equivalent to the PSD. When

the SCF is non-zero at certain cyclic frequencies, this means there is correlation at

that spectral frequency and cyclic frequency pair. Estimating the SCF is the key

computational task for symbol rate estimation in this MR system. There are both

time-smoothed and frequency-smoothed methods which rely on high performance

FFT implementations for real time operation.

4.4.2 The Strip Spectral Correlation Algorithm (SSCA)

We focus on one approach for SCF estimation, called the Strip Spectral Correlation

Algorithm (SSCA) [110]. The SSCA is an FFT-based time smoothing approach

that can be broken down into three parts for SCF estimation [111].

1. A series of N Np-point sliding window Fourier transforms which channelize

the input signal into N narrowband signals.

2. Multiplication of the N Np-point signals with the input signal and complex

exponentials.

3. Np N -point Fourier transforms produces the final SCF estimates.
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The SCF will have higher magnitude at cycle and spectral frequency pairs that

are strongly correlated. These points need to be extracted in a final stage that

computes a coherence value for every pair and thresholds them against a fixed

value. The coherence values are extracted from an estimate of the power spectral

density (PSD) which normalizes the SCF. A high-level view of the computational

pattern is shown in Fig. 4.15.

Figure 4.14: Whiteboard view of the SSCA Algorithm.

The following figures show an end-to-end example which applies the SSCA to

an 8-PSK modulated signal with symbol rate of something. The complex-valued

signal is shown in the top left diagram where the real and imaginary parts are
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separated and shown individually. The top right plot is the estimate of the power

spectral density of the signal.

Figure 4.15: Plots of input signal and steps of the SSCA algorithm for symbol
rate estimation. The bottom right plot shows the strong cycle frequency features
present in the spectral coherence at α = 0.25.

4.4.3 Accelerator Implementation for SSCA

In this section we demonstrate how our approach is applied to the design of spe-

cialized hardware for the SSCA and the minimal extensions incorporated into the

architectural template. The computation breaks down to a pattern similar to a
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two dimensional FFT but has a series of element-wise multiplications with the in-

put signal that occurs between the transforms for each dimension. The transforms

in the first stage of the algorithm are also sliding windows FFTs which occur over

a fixed unit stride. The current accelerator architecture presented in Chapter 3

supports the multiplications occurring between the transforms but would benefit

from additional components that support the sliding window nature of the initial

transforms. Consecutive transforms in the first stage would waste computational

cycles and power reloading the same Np − 1 elements when only the next strided

element is required for the following transform. To address this issue, we design

a specialized buffer, similar to line or window buffers used for image processing,

which first preloads the vector for the first transform. Then, the ensuing trans-

forms only require the buffer to operate in a shift register mode that serially shifts

out its first element and loads the next element from on-chip memory, effectively

saving cycles and power spent on data movement. We integrate this structure into

the accelerator template, enabling a new custom tailored accelerator that supports

a common computational pattern seen in spectral analysis algorithms. The new

accelerator architecture is depicted below in Fig. 4.16.

The two new components in the accelerator architecture are a dedicated input

memory for buffering unprocessed signal data and the specialized buffer to support

sliding window transforms. The input memory is double buffered such that the

next block of data is fetched while we compute with the currently loaded block. The

next iterations then ping pong between the two buffers. The accelerator descriptors

are modified to support data movement to and from the sliding window buffers.

Modulated signal data is collected from a software-defined radio (SDR) to

determine the required data precision and approximate FFT sizes the accelerator
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Figure 4.16: SSCA Accelerator Architecture. The radix-8 hardware codelet now
interfaces to banked scratchpad memories to store intermediate data and special-
ized buffers for loading input data in a strided fashion.

will need to support. The transmitted data is mapped to 8-PSK symbols that

are shaped with a square-root raised cosine pulse at a sampling rate of 5MHz.

Python-based software implementations using the collected data show that 16-bit

half-precision arithmetic units with parameters N = 4096 and Np = 64 provide

enough precision in the SCF estimate. We select a radix size of 8 and pass the

necessary on-chip memory requirements and data precision to the generator to

produce RTL-level descriptions of the accelerator.

4.4.4 SSCA Program Execution

The SSCA processes blocks of N + Np − 1 samples at a time, where each block

produces an estimate of the SCF. The steps of the program execution are described

below:
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1. The SSCA accelerator program targeting parameters of N = 4096 and Np =

64 is moved to the accelerator’s dedicated plan memory through a CPU-

initiated DMA transfer.

2. Once the program transfer has completed, the first block of N +Np samples

is loaded into the input data memory which holds unprocessed signal data.

3. We use custom RISC-V instructions for accelerator invocation, which first

passes a pointer to the SSCA accelerator program and then pulses the start

signal to initiate accelerator execution.

4. The accelerator program completes and writes to a status register to indicate

that is done. The CPU polls this status register using the CFU interface.

The first descriptor of the program instructs the accelerator to populate the

line buffer and execute the first Np-point transform. The next iteration of the

Np-point transforms retrieves data from the line buffer, which updates before the

transform begins, and writes outputs to the banked shared scratchpad memory.

The element-wise multiplications are then fused into the final stage and we continue

with the set of Np N -point transforms in the other dimension.

4.4.5 RISC-V SoC Architecture

The VexRiscv SoC [69] consists of a 32-bit RISC-V RV32IMF core tightly coupled

to domain-specific accelerators targeting the MR pipeline in Fig. ?? and security

schemes. The custom function unit (CFU) interface manages the interactions be-

tween CPU, accelerators, and DMA engine including accelerator invocation, data

transfers, and other device-specific control/status signaling. There is 192KB of
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on-chip memory and another 2MB of shared scratchpad memory which the accel-

erator and CPU can access. A dedicated on-die accelerator clock generator enables

the SoC and accelerators to operate at independent frequencies for improved sys-

tem energy efficiency. Because the accelerator operates at higher frequency than

the CPU, we use asynchronous FIFOs to separate the clock domains at the CFU

interface.

Figure 4.17: VexRiscv SoC consisting of a 32-bit RISC-V CPU tightly coupled
to the SSCA accelerator and DMA engine for data transfers. There is a total of
2.27MB of on-chip scratchpad memory

The CPU to accelerator CFU interface supports custom RISC-V instruction

commands that pass register file operands to the accelerator. The tightly-coupled
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interface allows for fast configuration of the problem specific parameters including

windowing values and the SSCA problem sizes. Accelerator memories including

the plan, input, and data memories are all scratchpad-based SRAM memories that

are shared with the RISC-V CPU. Access to the scratchpad is controlled through

a multiplexer such that either the CPU or the accelerator accesses the memories,

but both cannot interface simultaneously. When the scratchpad is configured for

accelerator mode, the hardware codelet has access to the plan/input memories

and the full bandwidth of the parallel data banks. In CPU mode, the shared

scratchpad is accessed through requests sent to the AXI slave port.

Figure 4.18: Shared scratchpad to accelerator interface. Access to the memories
is controlled such that requests can only come from the accelerator or AXI port.
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The single-port, 4KB plan memory holds the SSCA accelerator program spec-

ified by 32-bit wide descriptors. There is a total of 32.5KB of input memory to

hold double-buffered blocks of N + Np samples of input signal data, interfacing

directly to the end of the line buffer. The intermediate data memories provide

16 parallel banks of 1R1W memories to support the bandwidth required by the

radix-8 FFT hardware codelet.

4.4.6 Post-PnR Layout

The SoC is implemented on a 2mm x 2mm die and fabricated in a 16nm FinFET

process. Fig. 4.19 shows the post-PNR layout capture featuring the RISC-V CPU,

SSCA Accelerator, caches, and shared scratchpad memories between the CPU and

accelerator. Other circuits targeting deep learning and security schemes are not

shown. The total core area is 3.38mm2 and the annotated components occupy a

total of 1.85mm2.

The shared data scratchpads are organized into two groups of eight memory

banks placed on either side of the SSCA accelerator. The RISC-V CPU, caches,

and DMA engine are in the middle of the die. An additional 192KB of on-chip

SRAM memory on the right side can be accessed directly from the CPU or through

DMA requests. There are two clock generators, one SoC-level clock generator

placed in the bottom right corner and another accelerator clock generator near the

SSCA accelerator. We show an implementation summary and area breakdown of

the SoC components below.
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Figure 4.19: Layout capture of the fabricated 2mm x 2mm test chip in a 16nm
FinFET process. The SSCA accelerator and RISC-V core are in the middle of the
die, with banked scratchpad memories on the top and bottom of the accelerator.

4.4.7 Results and Comparison

The SSCA accelerator completes the N=4096 and Np=64 SCF estimate in 199K

cycles at a 1 GHz accelerator clock frequency. When running the SSCA program

on the accelerator, the entire SoC consumes 390mW of power based on Voltus

power simulations using the post-PNR layout database.

We compare our custom accelerator targeting the SSCA against other CPU and

GPU-based software implementations and previous FPGA designs. The software

implementations of the SSCA target the 12-core Arm Cortex-A78AE 64-bit CPU

and Ampere GPU on an NVIDIA Jetson AGX Orin configured to the maximum
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Technology TSMC 16nm

Chip Area 4.00 mm2

Core Area 3.38 mm2

IO Voltage 1.8 V

Core Voltage 0.8 V

Power Bumps 68

Signal Bumps 72

Power Domains 2

(a) Implementation Summary (b) Area breakdown of SoC components.

Figure 4.20: Summary of 2mm × 2mm test chip implementation in a TSMC 16nm
FinFET process. The area breakdown considers the annotated SoC components
shown in Fig. 4.19.

power mode. The CPU program uses pyFFTW, which provides a Python wrapper

for FFTW library calls, to execute the size N and Np transforms in single-precision

floating point using all CPU threads. The GPU-based implementation relies on

calls to cuPy FFT routines which offers support for half-precision data types.

Other FPGA-based accelerators for the SSCA target the AMD Versal VCK5000

[112] and ZCU118. A detailed comparison table with normalized metrics is shown

below in Table 4.1. Comparing a normalized throughput metric that accounts for

different SSCA parameters and precision, our implementation is 0.8 times lower

than the Versal VCK5000, but about 1.5 times better than the ZCU118 and 6 times

better than the Orin GPU. In terms of a normalized energy efficiency metric, the

accelerator achieves a 16x improvement over the Versal design and is 128x better

than the GPU implementation. Finally, combining into a normalized energy-delay

product, our ASIC implementation is about 25 times better than the Versal FPGA
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Proposed Versal ZCU118 Orin GPU

Process 16 nm 7 nm 16 nm 8 nm

Frequency 1 GHz – – 1.3 GHz

Precision FP16 FP32 FP32 FP16

FFT Size, N 212 220 214 212

FFT Size, Np 26 26 27 26

Latency (ms) 0.20 114 5.65 1.19

Power (W) 0.39 8.00 – 10.76

Norm. Throughput 126.62 160.12 82.40 21.11

Norm. Energy/SCF 0.79 12.57 – 128.32

Norm. Energy-Delay 0.16 3.95 – 152.97

Table 4.1: ASIC implementation summary and comparisons

design. Our ASIC approach for accelerating the SSCA thus shows significant

gains in normalized energy efficiency and EDP metrics over other state-of-the art

approaches.

4.4.8 Discussion

Testing and Verification. Accelerator programs written against the library

greatly enhance design verification and testing support. Configurations of the

hardware can be tested individually and gradually built up into larger problems or

applications, and at every step an accelerator program and set of test vectors can be

inserted at different levels of design abstraction. During this tapeout process, the

programs and test data were first verified with an accelerator software simulation

model for functional correctness, while the same set of tests were then ported

to bit-level representations for cycle-level RTL and gate-level simulation. Then,

when testing baremetal programs running on the SoC, test data that was used for
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accelerator verification could easily be printed to a C header file and compiled with

the main driver program for SoC-level verification. These tools provide a unified

framework that eases the verification cycles at different levels of abstraction and

complexity, from higher-level architectural models to gate-level netlists and post-

layout databases.

4.5 DFTs of Real Data

Many applications in scientific computing rely on partial differential equation

(PDE) solvers using FFT-based spectral methods, which commonly perform com-

putations on real-valued data where complex inputs are all zero. In practice,

software and hardware implementations for real FFTs exploit this to reduce the

number of operations and memory requirements for improved performance.

High performance FFT software libraries [25, 26, 28] offer specialized routines

for real transforms as part of their standard API. Hardware implementations have

taken a couple approaches for realizing the real FFT. One method [113–116] is to

prune out unnecessary arithmetic operations in the butterflies by exploiting the

conjugate symmetric property of real FFTs and the fact that half of the inputs are

now zero. The other is an algorithmic approach in which a single real FFT can

be realized using a half-sized complex FFT with a final post-processing step. This

technique is used in a TI DSP [117]. In this work we take the latter approach,

and our insight is that the existing hardware support for complex transforms only

needs to be supplemented by a modified radix-2 butterfly in the codelet datapath

with a specialized final pass over the data. The following sections derive this result

and discuss how the codelet architecture and generation framework is extended for

supporting real transforms.
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4.5.1 Real FFT via Half-size Complex FFT

We begin by stating the property that a DFT of real-valued data produces con-

jugate symmetric outputs, which is used to derive the following real transform

algorithm. More formally, given a sequence, x[n], of length N consisting of real-

valued data, the DFT of x[n] has the following property:

X[k] = X∗[N − k] (4.7)

where X∗[N − k] is the complex conjugate of the sequence X[N − k] and n ∈

[0, N − 1]. Note that indexing is performed modulo N .

Suppose we have the same sequence, x[n], of length N split into its even-

indexed data, xe[m], and odd-indexed data, xo[m], where m ∈ [0, N/2).

xe[m] = x[2m] (4.8)

xo[m] = x[2m+ 1] (4.9)

The even and odd sequences can be treated as a single complex sequence, y[m] =

xe[m]+jxo[m] which does not require any repacking since sequential real elements

are already in complex interleaved format. Then, by linearity of the DFT, the

transform of y is:

Y [l] = Xe[l] + jXo[l], l ∈ [0, N/2) (4.10)

These two components, Xe and Xo, are exactly the two sequences that form the

first stage radix-2 decomposition of the transform X[k] on the original real se-
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quence, x[n]:

X[k] = Xe[k] + e−j2πk/NXo[k], (4.11)

X[k +N/2] = Xe[k]− e−j2πk/NXo[k], k ∈ [0, N/2) (4.12)

So once the even and odd transforms, Xe and Xo, in Eq. 4.10 are extracted from

the transform Y of the complex signal, the real transform X can be reconstructed.

Furthermore, only the first N/2 + 1 elements need to be computed due to the

conjugate symmetry property of real-valued transforms.

To obtain the even and odd transforms, we first use the conjugate symmetric

property to show that

Y ∗[N/2− k] = X∗
e [N/2− k]− jX∗

o [N/2− k]

= Xe[k]− jXo[k]. (4.13)

Then, we can combine this result with the original expression for Y to get

Xe[k] =
1

2
(Y [k] + Y ∗[N/2− k]) (4.14)

and

Xo[k] = − j

2
(Y [k]− Y ∗[N/2− k]). (4.15)
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Substituting back into Eq. 4.11,

X[k] =
1

2
(Y [k] + Y ∗[N/2− k])

+ e−j2πk/N (− j

2
(Y [k]− Y ∗[N/2− k]))

= (
1− je−j2πk/N

2
)Y [k] + (

1 + je−j2πk/N

2
)Y ∗[N/2− k] (4.16)

The expression can be further manipulated by pulling out the element-wise multi-

plication with the complex valued constant,
1− je−2πjk/N

2
, and absorbing it into

the final stage of the complex transform that produces Y . So the transform then

becomes

Y1[k] =
1− je−j2πk/N

2
Y [k] (4.17)

X[k] = Y1[k] +

(
1− jej2πk/N

1 + jej2πk/N
Y1[N/2− k]

)∗

(4.18)

The interpretation of this result is that the real transform can be broken into two

parts. First, a complex transform on the real sequence (reinterpreted as complex)

with multiplication by complex-valued constants fused into the final stage. Then,

results from the first stage (in Eq. 4.17) starting from k = 1 and k = N/2 − 1

are used pairwise, with the next pair loaded at increasing unit stride starting from

k = 1 and decreasing unit stride from k = N/2 − 1. Each pair of inputs then

follows the computation in Eq. 4.18.

Finally we note that X[0] and X[N/2] are both real and are simple to compute:

X[0] = Re(Y [0]) + Im(Y [0]) (4.19)

X[N/2] = Re(Y [0])− Im(Y [0]). (4.20)
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Thus we have shown how the first N/2 + 1 values of the real FFT can be derived

from a half-size complex FFT.

Inverse Transform. Computing the inverse real transform of a conjugate

symmetric signal, X[k], follows a similar pattern to computing the forward real

transform except the procedure occurs in reverse order. The two stages are:

X1[k] = X[k] +

(
1 + je−j2πk/N

1− je−j2πk/N
X[N/2− k]

)∗

(4.21)

Y [k] =
1 + jej2πk/N

2
X1[k] (4.22)

We leave out the full derivation but the idea is essentially the same. The even and

odd transforms are recovered from the conjugate symmetric transform, X, and

then combined to form Y . The final stage is a complex inverse FFT which results

in the real transform result where the complex interleaved format is reinterpreted

as sequential real data. Manipulating the expressions results in Eqs. 4.21 and 4.22

which follows the same computational pattern as the forward real FFT.

4.5.2 Real Codelet Architecture

The overall dataflow is shown in Fig. 4.21. The first stage consists of a complex

FFT fused with complex multiplication which is completely supported by the cur-

rent codelet architecture. The second stage requires some modification in order to

load inputs in the special pattern and support the computation. Since each pair

of inputs comes from opposite ends of the array, we implement a set of registers

to buffer the memory response data from each request. For a design with B banks

of memory, the first B registers holds the set of data from sequentially increasing

memory requests and a second set of B registers holds the data coming from the
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end of the array. Since both ends of the array need to go through the computation

in Eq. 4.18, we parallelize the computation in Eq. 4.18 for each sequence of B

inputs across time. The codelet can already be configured to first perform the Diag

multiplication with a complex-valued constant, so the other required modification

is to support the calculation in Eq. 4.18.

Figure 4.21: Real Codelet Datapath

Because we operate on pairwise inputs the structure of the radix-2 butterfly

can be reused, where we simply extract the result from the adder and use a con-

trol signal that allows for only the second input to be conjugated on the way into

the butterfly. The interface between the buffers and the Diag/modified butterflies

is a custom crossbar with connections that only support the “X”-shape pattern

required. Once the outputs from complex multiplication reach the butterfly struc-

ture, we retrieve the original inputs from the buffers to perform the addition. A

similar crossbar is used once the computation is complete and is buffered in another
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set of registers. We also double buffer on the input side to load the next sequence

while the current one executes through the pipeline. All complex constants are

precomputed and stored in memory.

4.5.3 Integration with Design Framework

Hardware. The modified radix-2 butterfly for real FFT support can be integrated

into the existing design framework by simply treating it as another option in

the Chisel package of generated FFT hardware instances. For a given design,

we instantiate as many modified radix-2 butterflies as can be supported by the

number of memory banks. Once the hardware codelet is configured for operating

in ‘real’ mode, shown in Fig. 4.21, the buffers and custom crossbar are enabled.

The butterflies can also be configured to perform the regular radix-2 operation for

complex transforms.

Software. Targeting the real FFT codelet in software is also relatively easily

to integrate into the toolchain. The real codelet is assigned an ID and if the current

radix configuration of the batch is set to the ID then all data flows through the

real codelet datapath. To support the reverse indexing scheme at unit stride, we

require the CPU to pass the FFT size to the accelerator which will be stored in a

control register.

To summarize, the real-valued transform first computes the half-size complex

FFT in which the final stage fuses in multiplication with complex-valued constants.

Finally, the modified radix-2 butterflies and permutation structure enables the

final batch over the data to construct the real transform. We also showed how the

inverse transform can use the same structures but with the computation performed

in the reverse order.
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Chapter 5

Performance Modeling and

Discussion

The previous chapters showed how the proposed design approach can be imple-

mented and the new design tools that were used for fabricating silicon testchips.

This chapter concludes the main contributions of the thesis by first walking through

the end-to-end execution of the LibraryX-ASIC example and finally showing some

results from performance modeling.

5.1 Execution of LibraryX-ASIC Example

We now show how the accelerator code is compiled and executed on an instantia-

tion of the accelerator shown in Fig. 3.9.

Runtime Compilation and Execution. LibraryX-ASIC compiles the gen-

erated code into a dynamic library and immediately links against it. This enables

access of the generated functions using the user’s input and output buffers. The
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1 #include <iostream>
2 #include <complex>
3 #include <vector>
4 #include "fftw3.h"
5 #include "LibraryX_ASIC.hpp"
6 using namespace std;
7 int main() {
8 int N = 64;
9 int sign = -1;

10 u_int f = FFTW_ESTIMATE;
11 vector<complex<float>> input(N);
12 vector<complex<float>> output(N,0.0);
13

14 buildInput(input);
15

16 //call is replaced with accelerator offload
17 //and executed
18 fftwf_plan p = fftwf_plan_dft_1d(N,
19 (fftwf_complex*)input.data(),
20 (fftwf_complex*)output.data(), sign, f);
21 fftwf_execute(p);
22

23 //output buffer contains accelerator result
24 checkOutput(output);
25

26 fftwf_destroy_plan(p);
27 return 0;
28 }

(a) Example FFT program.

1 #include "model.h"
2 #include "utils.h"
3 #include "accel.h"
4

5 Program dft_desc[7] = {
6 {CONFIGI,8,0,0,1,0,1,1,0,8},
7 {MEMI,MEM_IN,1,8,0xFF,LOCAL_MEM,0},
8 {MEMI,MEM_DIAG,1,8,0xFF,LOCAL_MEM,
9 LOCAL_MEM_REGION_SIZE};

10 {MEMI,MEM_OUT, 1, 8, 0xFF, LOCAL_MEM,0};
11 {CONFIGI,8,0,0,0,0,1,1,1,8};
12 {MEMI,MEM_IN,1,8,0xFF,LOCAL_MEM,0};
13 {MEMI,MEM_OUT,1,8,0xFF,LOCAL_MEM,0}
14 };
15

16 void dft64(float *Y, float *X) {
17 enter();
18 float *T23;
19 T23 = initTwiddles64();
20 dmaLoad(LOCAL_MEM, 0, 0, 8, 1, X, 8, 8, 8);
21 dmaLoad(LOCAL_MEM, 1, 0, 8, 1, T23, 8, 8, 8);
22 // Invoke Accelerator
23 executePlan(0, dft_desc);
24 dmaStore(LOCAL_MEM, 0, 0, 1, 8, Y, 8, 8, 8);
25 exit();
26 }
27

28

(b) SPIRAL generated accelerator code.

Figure 5.1: The FFT application in (a) written against FFTW will be executed on
an FFT acclerator without user modification using LibraryX-ASIC. The output
buffer will be populated as if nothing changed. The generated code in (b) uses
information from SPIRAL’s FFT description include input ranges and input and
output strides.

generated program in Fig. 5.1b consists of two parts: the host code defined on line

16 in function dft64() which runs on a controlling CPU and the accelerator code

defined by the data structure dft desc that is executed on the FFT hardware. To

facilitate code generation targeting the accelerator, we have designed an API that

enables data movement to/from on-chip local memory and main memory, acceler-

ator invocation, and the FFT accelerator program itself. We outline the execution

flow of the program on a high level abstract machine shown in Fig. 5.2. The three
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Figure 5.2: High level abstract system model of the CPU-accelerator system. The
model consists of a CPU controller coupled to the accelerator, fast on-chip local
memory, and main memory. The micrograph shows a silicon-verified FFT accel-
erator implementing a part of the architecture in Fig. 3.9.

main components are (1) main memory with a mechanism for data transfer, (2)

the accelerator which interfaces to fast on-chip local memory, and (3) a controller

CPU coupled to the accelerator.

Fig. 5.3 now walks through the execution of the generated program. The

program first initiates input data transfer from main memory to the accelerator’s

local memory with the function call to dmaLoad(). Once data transfer is complete,

the accelerator is invoked from the CPU and passes a memory pointer to the base

address of the descriptor array, dft desc. The accelerator program is defined

by this array that constructs the byte code that programs the accelerator. The

accelerator then fetches, decodes, and executes all descriptors in the program.

Finally, the accelerator signals completion to the CPU, and a DMA store request

is issued to transfer output data from local memory back to main memory. At

function call exit the accelerator output now exists in the output buffer.
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Figure 5.3: Flow chart demonstrating the execution of the generated accelerator
program.

5.2 LibraryX-ASIC Results

Experimental Setup. We show preliminary results of LibraryX-ASIC for FFTs

of various sizes against software implementations. CPU baseline results are ob-

tained from running FFTW on a 20-core Intel Xeon E5-2698v4 with 256 GB of

RDIMM DDR4. For GPU evaluation, we run cuFFT on an Nvidia H100. Accel-

erator performance results are based on a cycle-accurate accelerator model that

is calibrated against real silicon measurements from test chips [?, 118] taped on

a TSMC 28nm process. The performance model simulates the abstract machine
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model shown in Fig. 5.3, where the controlling CPU is a single core of the Intel

Xeon E5-2698 CPU, main memory consists of 256 GB of RDIMM DDR4, and the

accelerator interfaces to 256 kB of banked, SRAM-based local memory. The FFT

accelerator core accelerates a radix-8 twiddle codelet. For GPU comparisons, we

target off-chip HBM3e DRAM with the same accelerator configuration.

Figure 5.4: Test setup of custom FFT ASIC and integration of measured results
into LibraryX-ASIC experimental setup.
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Results. The execution times in microseconds are shown in Fig. 5.5 and

5.6 for power-of-8 1D complex FFTs ranging from 8 to 4096. LibraryX-ASIC

targeting the CPU-accelerator system achieves speedups of 11x – 23x as compared

to running FFTW on CPU only. The performance results demonstrate an order

of magnitude improvement in execution time for a real FFT program running on

the custom FFT ASIC through the LibraryX-ASIC framework.

Figure 5.5: FFTW on CPU vs. LibraryX-ASIC on accelerator system.

Compared to cuFFT running on an H100 GPU, LibraryX-ASIC also provides

up to an order of magnitude speedup at smaller size FFTs. Improved speedup

against the GPU at larger FFT sizes can be achieved by scaling the number of hard-

ened codelets in the FFT accelerator. These results demonstrate the LibraryX-

ASIC framework automatically targeting a custom FFT accelerator through CPU

and GPU FFT library calls.
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Figure 5.6: cuFFT on GPU vs. LibraryX-ASIC on accelerator system.

5.3 Discussion

The accelerator programs are constructed such that the codelet pipeline is satu-

rated with no bubbles within a batch. Thus the only overhead comes from the

startup cost to fill the pipeline and the cases in which the pipeline needs to be

flushed between batches of codelet invocations. However, these costs are low and

are amortized across many independent batches of codelet computations. We show

a concrete breakdown for the execution of a complex 4096-point FFT in Fig. 5.7.

In this example, data is first moved from main memory to local accelerator

memory and interleaved across the memory banks. Figure 5.7 then shows the

execution breakdown of a 4096-point complex FFT which requires no intermediate

round trips to memory since the entire vector fits in local on-chip memory and the

transpose unit realizes the necessary data permutations. The program implements

the four-step FFT algorithm using a square root decomposition, 4096 = 64 × 64,

and each stage of vectorized 64-point FFTs is implemented iteratively with radix-8
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Figure 5.7: Breakdown of 4096 complex FFT executing on the accelerator.

codelets. The twiddle diagonal stage is fused into the final stage of the first set

vector FFTs and after the final stage of vector FFTs, data is moved from local

memory back to main memory.

From Fig. 5.7, the startup/flush cost of the radix-8 codelet pipeline is 28
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cycles. However the entire program can be executed at full pipeline saturation

since the codelet configuration does not change across batches, and a large number

of independent codelets are batched together to ensure that data dependencies are

resolved before the next required invocation. The startup and flush cost is therefore

low, only 2.7% of the accelerator execution time for the 4096 complex FFT. For

larger FFT sizes, we would expect that this cost is even further amortized. Thus

the area overhead evaluation in Sec. 3.2.3 and the analysis here show that the cost

of introducing flexibility through hardware codelets is small and our designs are

comparable to the equivalent dedicated size FFT hardware.
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Chapter 6

Concluding Remarks

As the current and next generations of systems continue to adopt new domain-

specific hardware and chiplet-based solutions for energy efficiency, it is increasingly

important for hardware designers to consider how to specialize for application do-

mains. For HPC or HPEC systems, specialized FFT hardware has a strong up-

side as these systems can spend a significant fraction of time in FFT routines.

The existing work in designing and optimizing custom FFT hardware for high

throughput, streaming applications is relatively well understood. However this

design approach of building standalone IP blocks breaks down in software-driven

FFT-based applications where flexibility and programmability are the key for ap-

plication developers.

The approach of this thesis draws from the FFTW insight that flexibility arises

from expressing the FFT computation as a recursive composition of codelets. It

first introduces a new approach for designing FFT-based hardware where only

the codelets of the FFTW library are accelerated, leaving their composition to

software. Rather than designing state machines and butterflies for a fixed set of
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sizes or parameters, the focus of the accelerator design is on how it can effectively

compose reconfigurable hardware codelets based on software specified parameters.

This work then develops design tools to automatically realize the accelerators

using the SPIRAL code generation system and an architectural template written

in Chisel. FFT-based software programs can then be written or generated against

a low-level library to target the accelerator, and hidden behind domain-specific

library calls. Throughout the dissertation, we showcased silicon prototypes that

applied and extended the approach for applications in fault tolerant hardware,

signal intelligence, and scientific computing. Specifically, the work in this thesis

shows the following:

• Develops a versatile approach for building FFT hardware where the ab-

straction of a hardware codelet gives an enormous amount of flexibility for

composing FFT algorithms. The focus of the accelerator design shifts away

from butterfly scheduling and state machine logic, and instead on how to

design the architecture such that it interfaces nicely with software.

• Building off of the style of FFTW codelet computations allows us to exploit

properties of the DFT. FFT-based computations such as the convolution can

be realized at low hardware overhead or by reusing the same hardware com-

ponents. A common theme is that element-wise products can be fused into

stages of the DFT where there is no twiddle factor multiplication, expanding

the scope beyond single transforms.

• Automated design tools are critical for domain-specific hardware prototyp-

ing and reducing design cycle times. Manual design of prime or higher radix

butterflies is increasingly more complex and challenging, especially as the
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signal flow loses the regularity of small radix-2 or radix-4 butterflies. Verifi-

cation and testing strategies are enhanced through multiple levels of design

abstraction and portable test vector generation.

• Demonstrates the efficacy of the approach for a few FFT workloads and

applications and shows that the approach is extensible. We show how the

generator incorporates new arithmetic techniques, and also identify common

data and computational patterns which are integrated into the design frame-

work. Results from performance modeling and silicon test chips show gains

in energy efficiency and performance compared to software implementations

targeting CPUs and GPUs.

• Fabricated silicon test chips and post-silicon measurements validate our de-

sign methodology and provide another level of characterization for perfor-

mance, area, and power consumption. Measured silicon results can be used

to calibrate architectural performance models.

6.1 Lessons Learned

This work focused primarily on developing new FFT hardware for accelerating

applications that rely on high performance FFT software libraries. There are

some interesting points of discussion and lessons learned from this approach.

• Some of the ideas and techniques presented in this thesis could also be

extended to problems in other domains. For example, stencil-based compu-

tations in scientific computing also heavily rely on software libraries, and

the fixed stencil pattern could be implemented with a structure similar to

the specialized buffer introduced for unit strided FFT transforms.
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• The idea of accelerating part of the FFTW library introduces a new hardware

component for high performance FFT software, where the purely software-

based implementation serves as the baseline. If the accelerator supports the

codelets required by the plan, they are executed in custom hardware. Al-

though this was the case for most of the examples in this thesis, unsupported

codelet sizes can still be performed in software and any arbitrary size FFT

can be computed using Bluestein’s FFT algorithm [119] (which can go up

to the next power-of-2 FFT size).

• The selection of codelet sizes to accelerate in hardware should draw on in-

sight from the application developer. Powers-of-2 FFT sizes can be covered

by radix-2, 4, and 8 codelets. For scientific computing, including prime sizes

such as 3, 5, and 7 already covers a wide range of sizes used by PDE solvers.

• Scaling the size of the codelet results in asymptotic operation count and the

hardware codelet grows quickly in size. A radix-8 FFT contains 52 adders

and 4 constant multipliers, and the Diag contains 16 adders and 32 mul-

tipliers. At radix-16, the FFT has 148 adders and 28 constant multipliers

and the Diag operations are doubled, approaching the single-precision op-

eration count supported by a compute core on modern high performance

GPUs. The larger kernels also require scaling the number of memory banks

to support the data bandwidth, suggesting an upper limit to the kernel size.

For other reconfigurable accelerators such as CGRAs, one approach could

be to have small hardware codelets for each processing element in the array

rather than mapping the entire signal flow to the array.

• In software-driven HPC applications, the goal is to return from the call
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to the library or PDE solver at the minimal latency. To achieve this, it

is important to maintain pipeline saturation during steady state operation

with small overheads for start-up and flush. A fast decoder was crucial

for having the next codelet configuration ready for execution as soon as

the previous one was completely issued. Descriptors were relatively simple

to implement at low overhead with only a few parameters, avoiding the

need for a full compiler since a basic assembler was enough. Finally, the

data permutation performed by the transposers ensured that batches could

continuously stream through the kernel to maintain high utilization. We

would therefore expect that our approach is as efficient as the dedicated

problem size FFT hardware given the same ALUs and memory interface.

6.2 Future Work

In this section we discuss some possible directions for future work.

• The approach of accelerating part of a standard software library to design

domain-specific hardware can be explored for other domains.

• Hardware support for other FFT algorithms such as the prime factor algo-

rithm, which requires a permutation of the input/output elements that is

not supported by a transpose.

• Expand the real FFT support to odd size real transforms. The current

approach relies on the first stage radix-2 decomposition which cannot be

applied to odd problem sizes.

• Evaluate the accelerator in the broader context of end-to-end applications
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and as a potential domain-specific chiplet. For example, scientific computing

applications such as WarpX [13] or P3M [15], where FFT-based spectral

methods are part of a larger simulation or solver. Since FFTs are generally

on the boundary between memory and compute-bound, it would be also be

interesting to investigate the tradeoffs between silicon area, energy efficiency,

performance, and FFT workload usage.

• Integrating the idea of an interval arithmetic-based FFT accelerator into a

full system-on-chip that is hardened by design. There is potential to expand

the technique for error correction and to other domain-specific accelerators.
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